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Chapter

1

Introduction

1.1 General perspective

In the modern day of communication systems, electromagnetic waves play
an important role. Since the invention of lasers in the 1960s as coherent
light sources [1], and low loss optical fibers in the 1970s [2], optical com-
munication and information systems have developed rapidly. Nowadays
the operation of communication devices in these systems rely on electron-
ics and photonics. For long distance communication, links between two
communication nodes are mostly served by optical fibers, which carry the
information via light propagation. In a communication network, these links
of optical fibres are connected to nodes, where the information is routed to
its designated destination. This information routing is still being done by
electrical devices, but this is predicted to break down since the demand for
telecommunication services is increasing exponentially. Therefore devices
that can replace the routing function of the electronic devices are very much
needed. One way to do, is to go via all optical processing.

One type of structure, that can serve as basic building block for op-
tical devices is the Photonic Crystal (PC). Generally speaking, a PC is a
structure of periodically arranged dielectric material. Since the photonic
crystal concept was introduced for the first time [3, 4], there has been
a growing interest in developing electromagnetic crystal materials. Their
amazing feature is the ability of blocking the propagation of light or elec-
tromagnetic waves in a certain range of frequency. This range of frequency
is called the Photonic Band Gap (PBG), analogous to the electronic band
gap that is present in semiconductors. In the PBG light can not propagate

1



2 Introduction

due to destructive interference of diffracted waves through the crystal.

The existence of such a PBG offers the possibility of designing many
different kinds of integrated optical devices. The construction of integrated
optical circuits would enable the revolutionary shift from optoelectronic
to photonic technology to take place [5]. However to make the photonic
crystal useful for application, we must introduce defects in the structure.
There are a lot of applications already made with photonic crystals, such
as waveguides with low losses [6, 7, 8, 9, 10, 11, 12], resonators and filters
[13, 14, 15, 16, 17, 18]. Another application is that with 3D photonic crystal
structures, mostly thin slabs, it is possible to make lasers [19, 20, 21, 22, 23]
from photonic crystal point defect structures.

These individual devices have to be integrated in a circuit to be able
to function as a unit. In [24, 25, 26, 27], authors have proposed ultrasmall
and high-density photonic integrated circuits that combine light emitters,
waveguides and functional devices based on the photonic crystal concept.

Of the above mentioned individual devices, resonators structures are
in the heart of the complete functionality. Optical resonators are generally
structures where a build up of electromagnetic energy can occur. Usually,
it is build from components which have two essential functions, which are
the cavity, where the energy will be stored in its vicinity, and a ’mirror’
function where it functions to retain the energy inside the structure.

In this thesis two types of optical resonator will be studied. The first
is the so-called defect grating structure. This structure is a one dimensional
system of layered dielectric material. The second one is the so-called pho-
tonic crystal microcavity. The structure consists of arrays of dielectric rods
placed in air. One of the rods has a different diameter, and this serves as
the cavity for the structure.

1.2 Maxwell equations

The field of optics has made enormous progress from the time of Huygens
in the 17th century until Maxwell in the 1860s. It was Maxwell who unified
Ampere’s Law and Faraday’s Law into one unified theory for electromag-
netic phenomena. In their differential form, the Maxwell equations are the
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following

∇× E = −∂B
∂t

(1.1)

∇× H =
∂D

∂t
+ J (1.2)

∇ · D = ρ (1.3)

∇ · B = 0 (1.4)

where the symbols E and H, are the electric and magnetic field, B and D

are the magnetic and electric flux density, J is the electric current density
and ρ is the electric charge density. These equations can be simplified
for the case of electromagnetic field propagation in dielectric materials.
Photonic crystals which we will study are composite material of different
homogeneous dielectric materials, and there are no free charges or currents,
therefore J = ρ = 0.

Further we assume that the materials are linear and isotropic, hence
the electric field and the electric flux density satisfies the constitutive rela-
tion D = εE, where ε is the permittivity. A similar constitutive relation
exist between the magnetic flux density and the magnetic field, B = µ0µrH,
where µ0 and µr are the free-space and relative permeability respectively.
For dielectric materials which we consider in this thesis, the relative per-
meability is very close to unity, hence we have B = µ0H. We also assumed
that the dielectric materials are nondispersive, and lossless, hence the rela-
tive permittivity is a real number. The relative permittivity will be denoted
by εr = n2, where n is called the refractive index.

In this thesis we only consider problems in one and two dimensions
(i.e. for structures with uniform properties in the other two and one space
dimension respectively), and restrict ourselves to the discussion of trans-
verse electric (TE) polarized wave. For this polarization, the electric field
vector is perpendicular to the propagation direction. In one and two dimen-
sions, the electric and magnetic field vector of TE waves have the following
forms

E = [0, E(z), 0] ; H = [Hx(z), 0, 0]

and

E = [0, E(x, z), 0] ; H = [Hx(x, z), 0, Hz(x, z)] .
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Within this restriction, the Maxwell equations reduce to scalar wave equa-
tion for the principal component E(x, z)

∆E(x, z) − n2(x, z)

c2
∂2

tE = 0 (1.5)

where c = 1/
√
ε0µ0 is the speed of light in free-space. Throughout this

thesis we normalized the space and time variable with the following scaling

(x̃, z̃) =
(x, z)

λ0
and t̃ =

t · c
λ0

where λ0 is the wavelength of light in free-space. With this normalization,
the wave equation (1.5) simplifies to

∆E(x̃, z̃) − n2(x̃, z̃)∂2
t̃
E = 0. (1.6)

For simplicity of writing, we will omit the ˜ sign from the variables in
further derivations. Next we restrict solutions for the wave equation (1.6)
to a class of bounded functions where the dependence on the spatial and
temporal variable is assumed to be separated. So, looking for solutions in
the form of E(x, z, t) = u(x, z)T (t), the function u(x, z) should satisfy

∆u+ ω2n2(x, z)u = 0 (1.7)

and T (t) = e±iωt. The equation (1.7) is called the Helmholtz equation,
and the function T (t) is often referred as harmonic time dependence. The
parameter ω is called the frequency, and throughout this thesis we choose
the time dependence in the form of e−iωt.

Problems on optical devices that are considered in this thesis are gov-
erned by the Helmholtz equation. In principal these problems are modelled
in an unbounded domain, but often it is desirable to study the performance
of the device in a bounded domain, e.g. for computational purposes. Then
it is important to have boundary conditions that replace the physical effect
of the exterior of the domain. In the following Section we will describe
various boundary conditions for the problems that are considered in this
thesis.

1.3 Boundary conditions for optical problems

A basic setup for an optical experiment in real life consists of two essential
parts. First is the optical structure, and second is the light source that
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is used to study the behaviour of the optical structure. Typically, light
sources can be classified into two classes, continuous waves (CW) or pulse
sources. To understand the behaviour of the optical structure, we have
to solve the Maxwell equations. But often, especially for structures with
complicated refractive index profile, analytic solutions are not available
and numerical methods are required to solve them. For this purpose, a
key ingredient to obtain solutions with the correct optical behaviour is an
appropriate formulation of boundary conditions on the boundary of the
numerical domain. This numerical window is necessarily bounded, while
the physical solutions are formulated on the whole space. The boundary
conditions should not change the optical fields we aim to calculate. This is
difficult, since in general we do not know the effect of the internal structure
(which is the reason why we want to calculate it), while this internal solution
determines partly the boundary conditions. Stated differently, the solution
we are after in the interior domain should be such that it can be matched
with an exterior solution (which we do not want to calculate) in such a way
that the common continuity conditions at the boundary are satisfied. One
of these conditions is continuity of the field. Another condition is continuity
of the normal derivative, since we will deal only with TE- polarized wave.
This makes it clear that boundary conditions are important for modeling
optical phenomena in any spatial dimensions. In this thesis, we consider
optical structures in 1 and 2 dimensions only. The outline of this thesis will
be presented in the last section of this chapter.

1.3.1 Transparent-influx boundary conditions

Suppose that there is a bounded planar domain Ω with refractive index
properties determined by n(x, z) in a uniform exterior Ωc with refractive in-
dex n0. We want to define transparent-influx boundary conditions (TIBC)
on ∂Ω such that the problem in the interior

∆u+ ω2n2(x, z)u = 0 in Ω, and TIBC on ∂Ω

is suitable for numerical calculations, for instance we will use calculations
based on finite element methods in this thesis. For a given influx field
uin, the boundary condition should be able to prescribe the influx and
at the same time should be transparent for the unknown outflux. The
outflux uout at the boundary is related to the numerical solution uΩ of
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the interior problem. The numerical solution uΩ provides Dirichlet data
on the boundary, uΩ|∂Ω. From this we derive that the outgoing field uout

is uout|∂Ω = uΩ|∂Ω − uin|∂Ω. By construction of the TIBCs, the interior
solution uΩ and the exterior solution

uext = uin + uout in Ωc

should satisfy the interface condition on ∂Ω, so that the existence of a
solution on the whole plane is guaranteed.

Depending on the dimensionality of the problem and numerical treat-
ment, we will encounter two classes of TIBC’s: local and nonlocal TIBC’s.
For 1D problems, the boundary conditions are local (since the boundary
consist of separate points only), while for the 2D problems that we will
consider in Chapter 6, we will use nonlocal TIBCs. The main ingredient
of the nonlocal TIBCs is the Dirichlet-to-Neumann (DtN) operator which
is typically exact, whereas the local TIBCs are usually approximate. If
the DtN operators for the uniform exterior domain Ωc can be found, then
analytic expressions for the TIBCs can be derived.

In the following we will introduce notions for the Dirichlet-to-Neumann
operators. For a given Dirichlet data g at the boundary ∂Ω, we define the
following operators to map the Dirichlet data to the Neumann data

D+(g) = ∂nu|∂Ω with u is the outgoing solution of the Helmholtz equation, with
u|∂Ω = g,

D−(g) = ∂nu|∂Ω with u is the incoming solution of the Helmholtz equation, with

u|∂Ω = g.

The word outgoing (incoming) refers to the outgoing (incoming) Sommer-
feld radiation condition to be satisfied at infinity. In the following we will
derive the formulation for the TIBC for various special solutions, all derived
from the following general observations. Restricting to TE-polarization,
continuity of the field and the normal derivative at ∂Ω requires that

∂nuΩ = ∂n(uin + uout) = ∂nu
in + ∂nu

out on ∂Ω (1.8)

and using the definitions of the DtN operators this is equivalent to

∂nuΩ = D−(uin) +D+(uout) on ∂Ω.
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Because D+(uout) is unknown since uout is unknown, we use continuity of
the field, then we have that uout = uΩ − uin at ∂Ω from which we obtain
the general form of the transparent-influx boundary condition:

TIBC: ∂nuΩ −D+(uΩ) = D−(uin) −D+(uin) on ∂Ω. (1.9)

In the following we will derive characterizations for solutions of various
types of optical problems, where boundary conditions are essential in the
formulation. As introduction, we describe below the 1D cases for which the
TIBCs are local, and we will make remarks about the 2D cases that will be
considered in the rest of this thesis.

1.3.2 1D transmission problem

The 1D problem involving an optical structure and a source, the so-called
transmission problem, has a setting as follows. Consider an optical struc-
ture with refractive index configuration n(z) defined in Ω = [0, L], placed
in air with refractive index n0 = 1. A given influx field uin = f with fixed

z

n(z)

n0

influx

reflection

transmission

0 L

Figure 1.1: An illustration of a typical transmission problem in 1D

frequency is incident to the optical structure, and part of the influx may be
transmitted or reflected back. This problem is then formulated as follows

∂2
zu+ ω2n2(z)u = 0 in Ω

−∂zu−D+(u) = D−(f) −D+(f) at z = 0, and (1.10)

∂zu−D+(u) = 0 at z = L, (1.11)

where we have to solve the Helmholtz equation in the interior of the optical
structure subject to the boundary conditions. The first boundary condition
at z = 0 is a transparent influx boundary condition, allowing reflected
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fields to pass through the boundary (it is transparent since the left hand
side of the boundary condition formulation vanishes for such fields), and
prescribing the incoming influx by the terms on the right hand side of the
boundary condition formulation. The second boundary condition at z = L
is such that only outgoing fields are allowed, and no incoming fields from the
right are present. These boundary conditions are derived straightforward
from the general form in (1.9). For this type of setting, the transmittance
is a parameter that is defined to measure the portion of energy that is
transmitted through the optical structure. Remembering the harmonic time
dependence of the field in the form of e−iωt, the solution of the Helmholtz
equation in the exterior of the optical structure can be written as

u(z) =

{
ainfe

iωn0z + rrefe
−iωn0z, z < 0

ttranse
iωn0z, z > L,

then the transmittance is defined as

T = |ttrans|2/|ainf |2.

For transmission problems it is often found that there are frequencies for
which the influx field is fully transmitted through the optical structure.
Then the transmittance is equal to unity. We call this solution a full trans-
mission mode or resonant mode. For example, in Figure 1.2 we show a
typical transmittance curve from an optical grating. Some of the resonant
modes are indicated by arrows. A plot like Figure 1.2 is obtained (nu-
merically) by scanning through the entire range of frequencies. If we are
interested, as is often the case, in special solutions, like the transmission
modes, we have to find the specific frequency together with the field; hence
we will have to deal with an eigenvalue problem. We will now show the
special formulations of such eigenvalue problems. We remark already here
that the boundary conditions (because of the presence of the DtN oper-
ators), will depend on the eigenvalue also, so these formulations in the
following lead to ’nonlinear’ eigenvalue problems, where ’nonlinear’ refers
to the nonlinear appearance of the eigenvalue to be sought.

1.3.3 1D resonant modes

We can characterize resonant modes by means of an eigenvalue problem.
That is by homogenization of the boundary conditions, excluding the Dirich-
let to Neumann terms of the influx field from the formulation. Observe that
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Figure 1.2: An example of a transmittance curve. Some resonant modes
are pointed by arrows

the boundary condition at z = 0 in (1.10) can be written as

−∂zu = D+(u− f) +D−(f).

In case of no reflection, which is relevant for the transmission modes, it
must hold that D+(u− f) = 0, and this is true if and only if u = f . This
last fact has a clear meaning, that the solution of the Helmholtz equation is
the influx itself, and hence D−(u) = D−(f). So for characterizing resonant
fields, the problem formulation reads

∂2
zu+ ω2n2(z)u = 0 in Ω

−∂zu−D−(u) = 0 at z = 0, and

∂zu−D+(u) = 0 at z = L.

In this way, we obtain only solutions of the Helmholtz equation with trans-
mittance equal to unity. We can not generalize this problem setting for
structures in higher dimensions. The notion of transmittance is difficult to
define, since an incoming influx from one direction can have reflections in
arbitrary directions. For some structures in 2D which have a disconnected
boundary, for instance a structure which is extended towards infinity in one
direction (e.g. a slab) and influx from one side, it is still possible to have
a characterization for resonating modes (if there exist such a mode). But
for finite structures in a domain, for which the exterior is a connected set,
it is not possible to distinguish the reflected fields from the influx.
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1.3.4 1D radiation modes

Another possible scenario is that when sources are absent. If there is a field
in an optical structure, it will radiate in any possible direction, leaking
its power to the surrounding neighbourhood. This type of field is called a
radiation mode. The radiation mode is a solution of the Helmholtz equa-

outgoing radiation outgoing radiation

z

n(z)

n0

0 L

Figure 1.3: An illustration of a radiation mode for 1D optical structure

tion with outward radiating fields in the exterior of the optical structure.
Radiation modes can be formulated by the following eigenvalue problem

∂2
zu+ ω2n2(z)u = 0 in Ω

−∂zu−D+(u) = 0 at z = 0, and

∂zu−D+(u) = 0 at z = L,

where now both boundary conditions allow only outward propagating fields.
Unlike the previous eigenvalue problem described above, this formulation
for radiation modes can be extended to higher dimensions. For example in
2D, if the optical structure is inside a domain of interest Ω with ∂Ω as its
boundary, then the formulation is straightforward

∆u+ ω2n2(x, z)u = 0 in Ω

∂nu−D+(u) = 0 at ∂Ω,

where now u is a function of (x, z).
For radiation modes, it will turn out that eigenvalues (frequencies)

are complex valued. If we express the frequency as ω = ωr + iωi, then
with the time dependence of the field in the form of e−iωt, it is clear that
the imaginary part of the frequency represent the decay (or amplification,
depending on the sign) of the mode in time. Interestingly, it is possible
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to describe this dynamic behaviour of the field with properties of the field
itself. This will all be explained in detail in Section 1.3.6.

1.3.5 1D standing state

For 1D optical problems, there can exist another type of solution with a
different time evolution behaviour. The types of solutions that we have
described so far, which are the fields in the transmission problem, the reso-
nant modes, and the radiation modes, have all propagation as a property of
their time evolution. As described previously about the radiation modes,
if there exist a field in an optical structure, this field will radiate to any
possible directions. However, theoretically it is possible to keep the field
inside the optical structure. If we give influx toward the optical structure
from both directions, with the same power as what is radiated outward, it
is possible to keep the field ’standing’ inside the optical structure.

For this 1D case, let us assume that there are two continuous wave
optical sources placed at ’±∞’. Denoting this continuous influx as uin,
then together with the unknown (outgoing) radiation it forms the solution
of the Helmholtz equation in the exterior uext = uin+uout. To have standing
states solutions it is necessary that the power flow is zero everywhere. For
1D case, the time average power flow is quantified by the Poynting quantity

P = Im(
1

ω
u∂zu).

If we write uin = aeiωn0z and uout = re−iωn0z, then the general solution in
the left exterior

uext = aeiωn0z + re−iωn0z, (1.12)

has the Poynting quantity

P = n0(|a|2 − |r|2).

For this to be zero it should hold that |a| = |r|, or equivalently |uin| = |uout|.
In general the Poynting quantity will be zero if uin and uout differ only by
a phase factor. More precisely, we can write uout = uineiφ.

Basically, the boundary condition should be derived from the conti-
nuity requirement of the field and the normal derivative at ∂Ω

∂nu = ∂nuext = ∂nu
in + ∂nu

out = D−(uin) +D+(uout) (1.13)
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Since we have the relation uout = uineiφ, it also holds that

D+(uout) = ∂nu
out = ∂nu

ineiφ = D−(uin)eiφ. (1.14)

and hence D−(uin) and D+(uout) can be expressed as

D−(uin) =
1

2
(D−(uin) +D+(uout)e−iφ) and (1.15)

D+(uout) =
1

2
(D+(uout) +D−(uin)eiφ). (1.16)

Substituting (1.15) and (1.16) to (1.13), the condition to be satisfied on the
boundary is

∂nu =
1

2
(D−(uin + uineiφ)) +

1

2
(D+(uoute−iφ + uout)) (1.17)

=
1

2
D−(u) +

1

2
D+(u) (1.18)

Later in Chapter 4 we will give an example of an optical structure which
has standing a state solution.

1.3.6 Integral expressions

Consider a solution of the Helmholtz equation in the domain Ω

∆u+ ω2n2(x, z)u = 0 in Ω

Multiplying this equation with u (the complex conjugate of u), and inte-
grate over the domain Ω yields the following

∫∫

Ω

∆uu+ ω2n2(x, z)|u|2dxdz = 0,

or ∫

∂Ω

u∂nudl −
∫∫

Ω

{|∇u|2 − ω2n2(x, z)|u|2}dxdz = 0,

after partial integration. For this equality to hold, the real and imaginary
parts should vanish, giving
∫

∂Ω

Re(u∂nu)dl −
∫∫

Ω

{|∇u|2dxdz − Re(ω2)n2(x, z)|u|2}dxdz = 0, (1.19)

and

∫

∂Ω

Im(u∂nu)dl +

∫∫

Ω

Im(ω2)n2(x, z)|u|2dxdz = 0. (1.20)
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It is clear that for (1.20) to hold, ω should be complex in general. Rewriting
(1.19) and (1.20), we obtain

Re(ω2) =

∫∫
Ω

|∇u|2dxdz −
∫

∂Ω

Re(u∂nu)dl

∫∫
Ω

n2(x, z)|u|2dxdz (1.21)

Im(ω2) =

−
∫

∂Ω

Im(u∂nu)dl

∫∫
Ω

n2(x, z)|u|2dxdz . (1.22)

Below we consider two cases where the quotients (1.21) and (1.22) are useful
for characterizing solutions.

• Let us turn the attention to the one dimensional standing state case.
Let Ω = [0, p], for this case the quotient (1.22) is equivalent to

Im(ω2) =
−Im(u∂zu)|p0
p∫
0

n2(z)|u|2dz
. (1.23)

As explained above in Subsection 1.3.5, for standing states Im(u∂zu) =
0 (Poynting quantity zero, no power flow), and so we have that
Im(ω2) = 0 which means that the frequency is real valued.

In the one dimensional infinite grating case that will be considered in
Chapter 3, it will be explained that for the band gap edges, the fields
are ’p shift-skew symmetric’ where p is the periodicity of the grating.
Exploiting this fact, we can consider an interval Ω′ = [ξ, p+ ξ] where
the field vanishes at the boundary points. Hence Re(ū∂zu) = 0 and
we are left with the quotient

Re(ω2) =

p+ξ∫
ξ

|∂zu|2dz

p+ξ∫
ξ

n2(z)|u|2dz
. (1.24)

In Chapter 3 this quotient will be exploited to characterize the band
gap edges.
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• For 1D or 2D radiation mode, the boundary term
∫
ū∂nu does not

vanish and hence the frequency is necessarily complex valued. The
quotients (1.21) and (1.22) have a nice interpretation in this case,
that is we find a dynamic relevance (from the expression of Im(ω2) in
(1.22)), from a non-dynamic formulation of the fields. We will exploit
this fact later in Chapter 5 and and in Chapter 6 for defining the
quality (Q) of a mode.

1.4 Thesis outline

We start Chapter 2 by explaining the numerical schemes that we will use
throughout this thesis. We will describe the Finite Element Method (FEM)
with linear ’tent’ basis function. We continue by describing the Transparent
Influx Boundary Condition (TIBC) and its implementation with the FEM
scheme.

The chapters 3,4,5 and 6 are papers that have been published or are
submitted for publications. We summarize the contents below and thereby
show the relation between them.

In Chapter 3 [31] we start by studying the simplest form of a photonic
crystal. We consider a one dimensional optical structure built from two dif-
ferent linear dielectric materials. The dielectrics are arranged alternatingly
with fixed thicknesses such that they form a periodic structure. This struc-
ture is called the optical grating. The optical grating that we consider in
this Chapter is an infinite grating. For such a structure a band gap always
exists, and our aim is to characterize the edges of the first band gap. Since
the structure is linear, actually an exact solution can be written down via
a Transfer Matrix Method (TMM) [29, 30] and the band gap edges can be
calculated by finding zeros of the dispersion relation. However for optical
gratings with smooth index variation (rather than stepsize function), or
even optically nonlinear index function, it is generally not possible to do it
exactly so approximations come in the picture.

Different from the TMM approach, we exploit the periodicity of the
structure and apply the Floquet-Bloch theorem to the Helmholtz equation.
This gives the understanding how fields behave for the edges of the band
gap, and makes it possible to define an extremal characterization of the
edges of the first band gap. In principle this formulation makes it possible
to handle gratings with smooth index variation and also nonlinear. In our
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approach we aim to obtain the band gap edges and fields simultaneously, so
the extremal characterization (minimum or maximum) is in the form of an
eigenvalue problem. As illustration of our approach, we consider an infinite
optical grating with two different materials, such that we can compare
the result with the exact one. We show that the extremum property is
useful, that we can approximate, or give bounds to the band gap edges,
by using a simple ’suitable’ trial function with low degrees of freedom.
The word ’suitable’ here means that the trial function should satisfy the
Helmholtz equation and also the boundary condition. As one expects, by
increasing the number of degrees of freedom the accuracy of the calculation
increases. More precisely, in this Chapter we choose trial functions that
are a superposition of local basis ’tent’ function. This is also known as
the Finite Element Method. The results showed that the method is very
accurate for moderate number of elements. Further we also extend the
characterization to accommodate structures with a nonlinear index.

In Chapter 4 [32] we deal with an optical grating structure which is
more realistic. The structure is finite and has a defect layer in it. It is
known that for defect grating structure there may exist frequencies inside
the band gap for which the transmittance is equal to unity. We call such
frequencies as ’defect frequencies’. Defect grating structures have features
that can be utilized for applications. For instance, the sharp peak of the
defect frequency in a transmittance curve means that it can be used as
a filter. Another important feature is that at the defect frequency the
electric field is amplified in the defect layer, and this is useful for switching
application when combined with nonlinear material [33].

For applications, it is important that we can find defect frequencies
of a given defect grating structure. In this chapter we exploit the use of the
Optical Transfer Map (OTM) to have a direct characterization of the defect
frequency. Using this, we introduce the use of Effective Boundary Condition
(EBC), that replaces the optical effect of a certain optical structure. Here
in Chapter 4 we consider a defect grating structure which is symmetric,
with one defect layer in the middle of the grating. The EBC is used to
replace the optical effect of the assisting grating, and hence the problem of
finding defect frequencies reduces to solving the Helmholtz equation only
for the defect layer with EBC’s. In this way we find two different fields for
the same defect frequency which means that they are degenerate. One is
amplified in the defect layer, we call this field ’S+(z)’, and the other one



16 Introduction

is attenuated, we call as ’S−(z)’. Both S+(z) and S−(z) are fields which
are standing, and we call such fields as ’states’. Further in this Chapter
we explain the relation between these states with the defect mode ’M(z)’,
which is a propagating solution for a transmittance experiment at the defect
frequency. At a first glance the amplified state S+(z) looks very much like
M(z), but the attenuated state S−(z) is essential for the construction of
M(z).

In Chapters 3 and 4 we assumed that there is a continuous flux of field
and we assumed that the dependence in time is harmonic such that time can
be ruled out from the governing equation. In Chapter 5 [34] we move on to a
more realistic scenario, that influx from sources is time limited. We consider
the same defect grating structure as in Chapter 5, but now the influx is a
pulse. We consider a pulse with spectral components inside the bandgap.
We developed a Finite Element Time Domain (FETD) scheme to simulate
the problem, where we used Finite Element Method to handle the space
discretization and Newmark scheme for the time discretization. Essential
for the numerical scheme is the use of exact time domain Transparent Influx
Boundary Conditions (TIBC). The results show that the defect grating is
loaded in a relatively short time (proportional to the duration of the influx
pulse), and the ’trapped’ field stays inside the defect grating much longer.
The existing field then decays in time and unloads its energy toward the
exterior of the structure, and we want to understand this decay in terms of
the properties of the defect grating. We do this by using a low dimensional
model for the loading and the unloading phenomenon, where we assumed
that it is sufficient to consider only a single frequency component to describe
the phenomenon. More precisely, we describe two leaky modes based on the
amplified S+(z) and the attenuated state S−(z) solution, and it effectively
replaces the complete loading and unloading phenomenon. Using this model
we are able to quantify the build up of the field during the loading phase and
the decay of the field during the unloading phase in terms of the energy
content of the field. This also provides an expression for the so called
quality factor (Q) of the leaky modes. We compare the result from the
low-dimensional model with the FETD calculation, and the result shows a
very good agreement.

In Chapter 6 [35] we consider a finite two dimensional photonic crys-
tal with defect. The same as for the one dimensional defect grating, for the
two dimensional structure defect modes can also exist. The photonic crys-
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tal considered in this Chapter consists of a square lattice of dieletric rods
placed in air as background. One of the rods has a different diameter, form-
ing the defect of the structure. Our aim here is to characterize the leaky
(defect) modes in the form of a nonlinear eigenvalue problem. We use a
two dimensional Finite Element Method as calculation tool, equipped with
Transparent Influx Boundary Condition (TIBC) [28]. Prescribing symme-
tries in the structure, we reduce the computational domain and we obtain
several modes. Using the properties of the mode, were able do describe the
decay of the leaky modes as well as the quality factor (Q). As well as in
the 1D case in Chapter 5, we also simulate pulses as influx. The spectral
components of the pulses are centered around each defect frequency. The
simulation results show that the excited modes decay in time and leak their
energy toward the exterior. We compare this decay in time of the energy
with the result of the eigenvalue problem, which shows a good agreement.

Finally, in Chapter 7 we summarize the results of the thesis.
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Chapter

2
Finite element method and

Transparent Influx Boundary

Condition

In this Chapter we will explain the Finite Element Method used in this
thesis. The two dimensional and one dimensional Finite Element Method
(FEM) numerical schemes used in this thesis are all obtained using linear
’tent’ basis functions. Below we will only explain the case for the 2D FEM,
and leave out the 1D scheme since it is a special case of the 2D scheme.

Since we deal with influx and reflection of fields interacting with op-
tical structures, it is important to have proper boundary conditions that
represent the correct physical properties of the exterior of the computa-
tional domain. Boundary conditions should be able to prescribe influx and
allow reflected fields to propagate through the boundary without reflection.
Below we will describe the Transparent Influx Boundary Condition (TIBC)
outlined in reference [1]. This boundary condition is different then other
transparent boundary condition [2, 3, 4, 5, 6] since they are all local approx-
imate boundary conditions. As we will see later, this boundary condition is
nonlocal, in the sense that all points at the boundary are coupled through
an integral operator. An advantage of using this boundary condition is that
no additional computational domain is needed, hence it is cheaper then the
Perfectly Matched Layer [7] which is widely used in computations of optical
structures. A more fundamental advantage is that ’spurious’ modes are not
introduced by the TIBCs we consider there.

2.1 Variational formulation and FEM

By using the variational formulation of the Helmholtz equation it is possible
to derive consistent numerical discretizations by approximating u as a su-

23
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perposition of chosen basis functions. More precisely, consider the following
functional

L(u) :=
1

2

∫∫

Ω

[
(∇u)2 − ω2n2(x, z)u2

]
dxdz − 1

2
B(u)

where B(u) denotes the boundary term. Then the critical point is found
via the standard reasoning from the vanishing of the first variation

δL(u, v) =

∫∫

Ω

[
∇u · ∇v − ω2n2(x, z)uv

]
dxdz − 1

2
δB(u, v) = 0 (2.1)

where v(x, z) is an arbitrary variation. Assuming that the variation of
the boundary term can be written as δB(u, v) =

∫
δB(u)vdl, after partial

integration of the first term we obtain

δL(u, v) =

∫

∂Ω

(∂nu)vdl−
∫∫

Ω

[∆u+ ω2n2(x, z)u]vdxdz− 1

2

∫

∂Ω

δB(u)vdl = 0.

Since this should vanish for any variation v, we obtain the Helmholtz equa-
tion

∆u+ ω2n2(x, z)u = 0 in Ω

with the boundary condition

∂nu− 1

2
δB(u) = 0.

The first variation of the functional L written in (2.1) is often called the
weak form of the Helmholtz equation, in the sense that if we multiply the
Helmholtz equation with an arbitrary test function v, and integrate the
result, we obtain (2.1). The word ’weak’ means that instead of requiring u
to be at least twice differentiable, by using the weak form we only require
it to be at least once differentiable.

To have the general form of the TIBC (1.9) incorporated in the for-
mulation, the boundary term should be written in the following form

B(u) = uD+(u) − 2D−(uin)u+ 2D+(uin)u,
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where the meaning of the notion D±(u) was explained in Subsection 1.3.1.
Substituting this into (2.1) gives the weak form

δL(u, v) =

∫∫

Ω

[
∇u · ∇v − ω2n2(x, z)uv

]
dxdz (2.2)

−
∫

∂Ω

[D+(u) −D−(uin) +D+(uin)]vdl = 0.

To arrive at the numerical scheme, we must choose a set of basis
function and discretize the domain. Throughout this thesis, we use the set
of piecewise linear ’tent’ basis function, denoted by {φi(x, z)}N

i=1. Figure
2.1 illustrates the discretization of the domain Ω in a triangular mesh, and
examples of linear basis elements. Then we seek the solution in the form of

Figure 2.1: (a). Illustration of the discretized domain Ω. (b). Examples of
linear basis functions

u(x, z) ≈
N∑

i=1

ũiφi(x, z).
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The basis functions φi are defined by piecewise linear interpolation between
the nodal values φi(xj , zk), with the property

φi(xj , zk) = δi,j,k, i = 1, .., N

where δi,j,k is the Kronecker delta and N is the number of nodal points
(xj , zk). For the interior of Ω, the entries of the finite element stiffness
(S) matrix related to

∫∫
(∇u)2dxdz and the mass (M) matrix related to∫∫

n2u2dxdz are evaluated as follows

Si,j =

∫∫

Ω

∇φi∇φjds and Mi,j =

∫∫

Ω

n2(x, z)φiφjds.

2.2 DtN operators for a half space

To express the DtN operators D+ and D−, and solutions in a half plane,
we will use plane wave decomposition. We start by considering a uniform
Western half plane (x, z < 0) with index n0. Let gW (x) be a Dirichlet
boundary value given at z = 0, decomposed as

gW (x) =

∫
ĝW (k)eikxdk

then the outgoing solution in the exterior z < 0 expressed as a plane wave
decomposition is given by

uout(x, z) =

∫
ĝW (k)ei(kx−β(k)z)dk

where we define

β(k) =
√
ω2n2

0 − k2, if |k| < ωn0

= i
√
k2 − ω2n2

0, if |k| > ωn0.

The solution uout consist of combination of translating plane waves (for
|k| < ωn0) and evanescent waves (for |k| > ωn0). This form of outgoing
solution leads to the Dirichlet-to-Neumann operator D+ for the boundary
value gW

D+(gW ) = ∂nu
out(x, 0) =

∫
iβ(k)ĝW (k)eikxdk.
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We can also derive the DtN operator D− for an incoming field in the same
way as we derive the operator D+, and in fact

D−(gW ) = −D+(gW ).

2.3 DtN operators for a square

Suppose now that we have a square computational domain with length Lx,
and the boundary function g0(x) on the interval [0, Lx]. We further extend
the function g0(x) to the function g̃(x) defined as

g̃(x) =

{
g0(x), x ∈ [0, Lx]
0, elsewhere.

such that it is defined on the whole real line. We represent this function on
the interval [0, αLx], α > 1, by Fourier series representation

g(x) =
∞∑

m=−∞

ĝ(m)eimhxx, with hx =
2π

αLx
(2.3)

where its Fourier inverse is given by

ĝ(m) =
1

αLx

Lx∫

0

g̃(x)e−imhxxdx.

Note that the functions {e−imhxx}∞m=−∞ form an orthogonal system of
functions on the interval [0, αLx]. The parameter α is added to prevent
numerical errors as follows. If α = 1, then function g̃ on the boundary is
represented by a periodic series with period Lx. Then in this case, fields
from outside the basic interval [0, Lx] may enter the numerical window and
disturb the solution being sought. Therefore we should take α > 1 which
effectively means that we set the periodic continuation of the function g̃(x)
(i.e. the period of the function g(x)) to be faraway from the basic interval
[0, Lx]. This choice of periodic continuation will not affect the numerical
window which will be supplied with boundary conditions that do not allow
any influx from the other sides of the domain.
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If the given function g at the Western boundary (2.3) corresponds to
an outgoing field, then outside the boundary (z < 0) this field is given by

uout(x, z) =
∞∑

m=−∞

ĝ(m)ei(mhxx−β(mhx)z) (2.4)

which leads to the DtN operator at the Western boundary

D+
W (g) = ∂nu

out(x, 0) =

∞∑

m=−∞

iβ(mhx)ĝ(m)eimhxx.

The DtN operators for incoming fields at the boundary can be found in a
similar manner, and in fact

D−
W (g) = −D+

W (g).

Remark

Observe that by the choice of the field representation in (2.4), the number of
translating plane waves representing the outgoing (or incoming) field is directly
related to the choice of the parameter α. For a given fixed frequency ω and index
n0, the series representation of the field in (2.4) has plane wave components if
|mhx| < ωn0. This means that the maximum number of translating plane wave
taken for the field representation is

mmax =
ωn0αLx

2π
.

In practice, this means that to have a sufficiently large number of plane waves in

the representation, the value of α should be chosen to be large enough since we

don’t want to increase the window size Lx.

2.4 Implementation of the DtN operators in the

FEM scheme

Having derived explicit expressions of the DtN operators above, now we
show how the DtN operators can be implemented in a FEM scheme. As
explained above, we chose a Fourier series representation of the function
along the boundary, where we have the DtN operator

D+
W (g) =

M∑

−M

iβ(mhx)ĝ(m)eimhxx
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where the value M is taken to be finite for numerical purposes.
To evaluate the boundary integral in (2.2) on the Western boundary,

we express the test function v in terms of expansion of the basis function v =∑N
p=1 vpφp, and we also approximate the function g(x) along the boundary

in terms of the basis function g(x) ∼=
∑N

p=1 gpφp(x, 0). Then the discrete

version DW of the D+
W operator takes the form

Lx∫

0

vD+
W (g)dl ∼= 1

αLx

N∑

p,q

vpgp

(
M∑

−M

iβ(mhx)τ̂qmτpm

)
(2.5)

where τ̂qm =
Lx∫
0

φq(x, 0)e
−imhxxdx , τpm =

Lx∫
0

φp(x, 0)e
imhxxdx and M is a

positive integer.
By doing the same procedure for other boundaries east (DE), north

(DN ) and south (DS), this results in the full matrix system

(S −M +DW +DE +DN +DS)~u+ ~F = 0

where ~F is the discrete version of the incoming field D−(uin) − D+(uin).
Observe that this boundary operator is nonlocal in the sense that all points
at the boundary are coupled through the integral operator.

This FEM scheme with transparent influx boundary condition was
successfully implemented, and the results of Chapter 6 are based on this
scheme. Simplified versions are used in Chapter 5 where specific informa-
tion will be provided.
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Chapter

3

Extremal characterization of

band gaps in nonlinear gratings

Abstract†. In this paper we present an explicit extremal characterization
of the edges of the lowest (first) band gap in gratings; we restrict here to the
case of TE-modes, but the TM case can be treated similarly. The charac-
terization is valid for linear and Kerr-nonlinear gratings, for smooth as well
as for step-variations of the index and the coefficient of nonlinearity. The
variational characterization allows one to derive monotonicity properties of
the band gap edges by using simple comparison arguments. For instance,
the monotonic shift of the band gap as a function of the angle of oblique
incidence is proved, leading to a simple criterion for omni-directionally for
the band gap. Rough estimates of the band gaps can be obtained by sub-
stituting suitable trial fields in the governing functionals, while the same
formulation can also be used to design a Finite Element scheme for accurate
calculations.

3.1 Introduction

In this paper we will characterize for 1D gratings the precise values of the
edges of the band gaps. To simplify the notation and reduce the number
of formulae, we will only consider the lowest band gap. Furthermore, we
will restrict to TE-modes, remarking that TM-modes can be studied simi-
larly. On the other hand, we will allow arbitrary (periodic) index profiles
and third order nonlinearity with a spatially dependent (periodic) coeffi-
cient. Then for time harmonic fields, and normal incidence, the governing

†This Chapter is adapted from: E. van Groesen & A. Sopaheluwakan, Journal of

Nonlinear Optical Physics and Materials, Vol. 12, pp. 135-148, 2003.
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34 Extremal characterization of band gaps in nonlinear gratings

equation for the spatially dependent amplitude E reads

∂2
zE + ω2

[
n2(z) + γ(z)|E|2

]
E = 0. (3.1)

Here ω is the normalized frequency (the velocity of light has been normal-
ized to unity), n(z) and γ(z) are the index of refraction and the coefficient
of nonlinearity, respectively. Special cases such as step-wise index varia-
tions and linear gratings are included. The period of the grating will be
denoted by p in the following.

Studying (3.1) for varying ω leads to (nonlinear variants of) Bragg
dispersion outside the band gap, and full reflection inside the band gaps.
In this paper we will characterize the edges of the first band gap by giving
a variational (extremal) characterization for the corresponding values of ω,
i.e. we will deal with (3.1) as a (nonlinear) eigenvalue problem.

The extremal formulation will make it possible to study the depen-
dence of the position of the band gap on the physical parameters n and γ,
and will make it possible to find estimates for the band gap by comparison
with simpler structures. For instance, for oblique incidence from a uniform
half-space with index n0 under an angle θ, in which case the governing
equation is

∂2
zE + ω2

[
(n2(z) − n2

0 sin2 θ) + γ(z)|E|2
]
E = 0, (3.2)

the extremal characterization will immediately give the result that the band
gap shifts monotonically as a function of θ. By its nature, the extremal char-
acterization can also be applied to obtain numerical approximations for the
values of the band gap without the necessity to calculate the corresponding
field profiles accurately. We will show that the use of simple field profiles
suffices to obtain reasonably good approximations, with accuracy of second
order in the difference of the field profiles. When more precise numerical
values are desired, the formulation leads the way to simple numerical pro-
cedures for accurate calculations; by way of example we will describe this
for a Finite Element Method.

3.2 Extremal characterization at normal incidence

3.2.1 Shift-skew symmetry of Edge states

For linear, infinitely long gratings the first band gap is the smallest interval
of frequencies for which there is no propagating fields. Reviewing Floquet’s
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(Bloch’s) theorem [8,9], this happens at the end of the first Brillouin zone
which consists of solutions that modulate a p-periodic function v(z) with
a z-harmonic modulation E = v(z)eiK(ω)z; in the band gap, the ‘wave
number’ K(ω) is complex, with Re(K(ω)) = π/p and the imaginary part
is the exponential growth (decay) of the solution inside the band gap. At
the edges of the band gap, Im(K(ω)) = 0, and the solution is of the form
E = v(z)eiπz/p. This shows that the edge states satisfy

E(z + p) = −E(z)

which we will call ‘shift-skew (ss)-symmetric’; of course this implies these
states are 2p-periodic. The edges of the band gap are the values of ω
for which such a ss-symmetric solution exists. This shows that we consider
(3.1) as a (nonlinear) eigenvalue problem for the set of ss-symetric functions.
We can reduce this problem to a problem on an interval of one period by
observing that the edge states vanish at some point, say at z = ξ :

E(ξ) = E(ξ + p) = 0,

which at first sight reduces the problem to a simple Dirichlet boundary
value problem (DBVP). However, the precise position of the interval is not
known in advance, i.e. ξ is unknown. Having a solution on the specified
interval, a smooth, i.e. differentiable, ss-symmetric continuation is possible
only if the derivatives at the endpoints are related according to:

∂zE(ξ) = −∂zE(ξ + p).

This additional condition should be added to the DBVP. An arbitrary
choice of ξ will not lead to a solution that satisfies this condition, but in
the following we will see that for a suitable ξ this condition can be satisfied.

3.2.2 Variational formulation

The linear DBVP, γ = 0, is a standard linear eigenvalue problem for which
eigenvalues ω2 and eigenfunctions can be found in a well known variational
way [1] as the critical values and points of the Rayleigh quotient. Briefly,
if u is a critical point of the quotient R(u) = Q(u)/Nlin(u), where

Q(u) =

∫ ξ+p

ξ
(∂zu)

2 dz, Nlin(u) =

∫ ξ+p

ξ
n2(z)u2dz,
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and satisfies the Dirichlet conditions, then u satisfies (3.1) with ω2 given by
the value of this quotient at the solution. The quadratic homogeneity of the
functionals implies that any of the functionals can be taken as constraint
for variations of the other functional; the constraint prescribes the norm of
the solution to be found. For the linear problem, the value of the constraint
is irrelevant, but it is the constrained formulation that can be generalized
to the nonlinear problem, in contrast to the formulation with the Rayleigh
quotient. This generalization will now be described.

To include the nonlinearity, define the functional

N(u) =

∫ ξ+p

ξ

[
n2(z)u2 +

1

2
γ(z)u4

]
dz

and consider the constrained maximization problem

max
u

{ Nξ(u) | Q(u) = A, u(ξ) = u(ξ + p) = 0 } .

Then, Lagrange’s multiplier rule applies and states that for some multiplier
λ the maximizer U satisfies the Euler Lagrange equation

n2(z)U + γU3 = −λ∂2
zU,

the constraint condition, and the Dirichlet boundary conditions. Provided
λ is positive, for ω2 = 1/λ this is precisely (3.1). By multiplying this
equation by U , and integrating over the interval, shows that λ is given by
λ =

∫ [
n2U2 + γU4

]/
Q(U); for positive γ this is positive, but it is also

positive for negative γ provided the nonlinearity is not too large.
The maximizer U found in this way is not yet an acceptable field distribu-
tion E since the additional boundary condition still has to be satisfied. And,
preferably, a more explicit characterization of the multiplier. To that end,
we investigate the dependence of the value of the minimization problem on
the position of the interval and the value of the constraint:

V (A, ξ) = max
u

{ N(u) | Q(u) = A, u(ξ) = u(ξ + p) = 0 }

and denote for given ξ the maximizing solution by U and the multiplier by
λ. Then we have both desired results as follows.
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Claim 1 For any ξ, the multiplier is the derivative with respect to the
constraint of the value function:

λ =
d

dA
V (A, ξ).

For given A, let ξ̄ be a critical point of the value function V (A, ξ) : ∂ξV (A, ξ̄) =
0. Then the corresponding solution U(ξ̄) satisfies the additional boundary
condition and is an actual physical field distribution E.

The proof of the claims is based on standard reasoning from the Cal-
culus of Variations and will therefore not be given here.

Of course, at fixed A, the value function over one period has a maxi-
mum and a minimum value, at which points the required additional bound-
ary condition will be satisfied; the corresponding solutions and multipliers
will correspond to the edges of the band gap. Based on this, we can now
finish this section with a summary. At the same time we make a simplifica-
tion of the notation which is handy for the following. First it is convenient
to transform to a problem on a fixed interval and to replace the shift of the
interval by a shift of the inhomogeneous terms in the functionals. Taking
[0, p] as the interval, the functionals are then given by

Q(u) =

∫ p

0
(∂zu)

2 dz, Nξ(u) =

∫ p

0

[
n2(z + ξ)u2 +

1

2
γ(z + ξ)u4

]
dz.

The formulae for the lower and the upper edge of the band gap are then

(
ω−2

Ω−2

)
(A) =




max
ξ

min
ξ


 d

dA
V (A, ξ) ,

with V (A, ξ) := max
u

{ Nξ(u) | Q(u) = A, u(0) = u(p) = 0 } .

Note that for linear gratings, with γ = 0, the value function is linear in the
constraint A and the differentiation to find the multiplier can be avoided
by normalizing A = 1.

For nonlinear gratings a similar simplification can be achieved as
follows. In fact, exploiting the fact that we are dealing with integrands
in the functionals that are just polynomials, and in particular that the
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functional Q is quadratic, the value of the constraint can be normalized,
leading to

V (A, ξ) := max
u

{Nξ,A(u) | Q(u) = 1, u(0) = u(p) = 0 } ; (3.3)

with

Nξ,A(u) =

∫ p

0
An2(z + ξ)u2 +

1

2
A2γ(z + ξ)u4 dz (3.4)

This is the final formulation, valid for linear and nonlinear gratings, that
will be used in numerical calculations in the following.

Remark 2 For step-gratings, with steps at zstep, note that ∂ξn
2(z + ξ) =

Σsteps [±δDirac(z − zstep)] , with plus or minus sign for a positive, resp. neg-
ative step. From this it follows that in a two-step grating, the values of the
field at each side of a layer are either the same or opposite. The field at the
lower edge is the same at the edges of the high-index material, while the field
at the upper edge of the band gap is the same at the edges of the low-index
region. For gratings that also have stepwise changes in the nonlinearity,
additional symmetry conditions arise.

3.3 Oblique incidence and omni-directional band

gap

An immediate consequence of the extremizing formulation above is the
possibility to derive inequalities. For instance, if for the same γ, the index
is changed, say decreased at each point, for each trial function u, and each ξ,
the functional Nξ,A(u) will decrease, while Q(u) remains unaltered, leading
to a decrease of d

dAV (A, ξ), and then a decrease of both maxξ
d

dAV (A, ξ) and

minξ
d

dAV (A, ξ). which will correspond to an increase of the values for the
band gap. We will now exploit this to investigate the omni-directionality
of the band gap.

An omni-directional band gap is a range of frequency ω such that
under all incident angle θ ∈ [0, π/2) there are no propagating solutions
for (3.2), or total reflection. The existence of omni-directional band gap
in periodic structures has also been discussed in several publications [2-5]
using the transfer matrix approach. Here we use extremal characterization
which will give the possibility for direct calculation of the band gap edges
for arbitrary periodic index profile.
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(a) Parameters: n0 = 1, na =

1.544 ↪→ SiO2, nb = 2.616 ↪→
TiO2, and the width of each cell:
a = b = π/2.
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(b) Parameters: n0 = 1, na =

2.354 ↪→ ZnS, nb = 2.616 ↪→
TiO2, and the width of each cell:
a = b = π/2.

Figure 3.1: Examples of band gap edges from structure with omni-directional band gap (a),
and without omni-directional band gap (b). Parameters for these (half infinite) linear grating
with step-wise varying index are as indicated above.

3.3.1 Monotonicity for oblique incidence

For oblique incidence to a linear grating (γ = 0), the index of refraction
in the governing equation and in the functional Nξ,A(u) is replaced by the
effective index n2 − n2

0 sin2(θ) with θ the angle with the normal. Hence
the index decreases monotonically with increasing θ ∈ [0, π/2) to a lowest
value n2 − n2

0 at grazing incidence. Assuming n2 − n2
0 to be positive, the

above reasoning applies and we conclude that both band gap edges ω(θ)
and Ω(θ) are monotonically increasing functions of θ. Examples are given
in Figures 3.1.a and 3.1.b for a linear grating with step-wise varying index.
Figure 3.2 shows the same pattern for a harmonic change of the index; this
case cannot be solved explicitly and the plot has been produced using the
numerical method to be explained below.

For a linear grating the value function is linear in the constraint A,
and has nonzero derivative for each A. For small nonlinearity, the mono-
tonicity in θ will therefore not be disturbed; an example is shown in Figure
3.3.
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Figure 3.2: Band gap edges for (half infinite) linear grating with harmonic index profile
n(z) = n̄(1 + ε cos(z)). Here n̄ = 1.923 ↪→ ZrSiO4, and ε = 0.2.

3.3.2 Omni-directional band gap

Omni-directional reflectance will be present when the lower edge at grazing
incidence is smaller than the upper edge value at normal incidence

ω(π/2) < Ω(0)

A sufficient condition could be obtained from an upperbound for
ω(π/2) and a lowerbound for Ω(0). An upperbound for ω(π/2) has been
constructed above. A lowerbound for Ω(0) can be obtained from the saddle
point character: in each neighbourhood there are functions with a lower
value. Explicit functions can be found as follows. Suppose Uζ(z) is the
solution corresponding to

Uζ(z) ∈ min
ξ

d

dA
V (A, ξ)

which reaches the minimal value at ζ̄ :

Ω−2(0) = Nζ̄,A(Uζ̄ , 0)

Then a lower value is attained for each Uζ with ζ close to ζ̄. In a numerical
procedure that searches for this minimum, such functions will be easily
found.

Remark 3 More fundamentally, it can be found by observing that it is a
function in the tangent direction: Uζ̄ + εW with W = ∂ζUζ(z)|ζ=ζ̄ . For
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Figure 3.3: Band gap edges for (half infinite) nonlinear grating with step-wise varying index.
Parameters: n0 = 1, na = 1.544 ↪→ SiO2, nb = 2.616 ↪→ TiO2, and the width of each cell:
a = b = π/2. Furthermore γ = 0.2 and A = 1.

linear gratings, W satisfies the same equation (but with different boundary
conditions: W (ζ̄) = −W (ζ̄ + p) 6= 0). Hence it is the solution adjoint
to Uζ̄ that can be expressed in a standard way for second order equations,
explicitly:

W (z) = Uζ̄(z)

∫ z dz′

Uζ̄(z
′)2

Hence, having found an approximation for Uζ̄(z) an approximation for W
can thus be derived and a shift in this direction will produce a lower bound,
provided the approximation is sufficiently accurate.

For nonlinear gratings, W will satisfy the linearized equation and a
similar reasoning applies.

3.4 Approximate and numerical results

In the previous section we have shown the applicability of the extremal
characterization to obtain monotonicity properties about the dependence
on the angle of incidence. Now we show that as another consequence of
the formulation we can derive simple approximations for the band gap, or,
alternatively, design a simple FEM code with which accurate calculations
can be performed.
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3.4.1 Approximate field functions

Just as the minimum value of a function can be estimated above by its
value at any point, we can take an ‘arbitrary’ function (or a parameterized
family of trial functions) in the variational formulation and find bounds for
the value function and then the band gap edge. Of course, the accuracy of
the bound depends on the choice of the trial function.

To show this in some detail, for instance to approximate the lower
edge, take a function W that satisfies the Dirichlet boundary conditions
and then find the optimal value of the index-shift. With the normalization
Q(W ) = 1, for each ξ

V (A, ξ) := max
u

{ Nξ,A(u) | Q(u) = 1, } ≥ Nξ,A(W )

and hence maxξ V (A, ξ) ≥ Nξ,A(W ) and then

max
ξ
V (A, ξ) ≥ max

ξ
Nξ,A(W )

For a linear problem (take A = 1) this implies we have an immediate
upperbound for the lower edge:

ω−2 ≥ max
ξ
Nξ,A(W )

and similarly for the upper edge for a trial function V :

Ω−2 ≥ min
ξ
Nξ,A(V ).

with rhs that can be computed directly.

With respect to the quality of the upperbound depending on the
choice of W and V , it should be noted that ’first order’ accuracy of the
field will lead to second accuracy in the determination of the critical values,
owing to the fact that the first order terms vanish because of the critical
point property.

Below in Figure 3.4 we show the resulting graphs for the choice
W (z) = V (z) = sin(zπ/p) for each θ; this function is known to be ex-
act when there is no index variation, and hence can be expected to be
accurate for shallow gratings.
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For nonlinear gratings, as an example, we calculate the band gap
edges using the trial function W (z) as above, p = π.

(
ω−2

Ω−2

)
(A) =




max
ξ

min
ξ


 d

dA
Nξ,A(W )

=




max
ξ

min
ξ




π∫

0

(n2(z + ξ) − n2
0 sin2(θ)) sin2 z dz

+ Aγ

π∫

0

sin4 z dz

Evaluating the integral above results in an explicit function of ξ for the
band gap edges

(
ω−2

Ω−2

)
(A) =




max
ξ

min
ξ


 1

2
(n2

b−n2
a) sin(2ξ)+

π

4
(n2

b+n
2
a)−

π

2
n2

0 sin2 θ+Aγ
3π

8

Clearly, ω−2 and Ω−2 is obtained if ξ = π/4 and ξ = 3π/4 respectively. We
show the resulting band gap edges in Figure 3.6.a for various values of γ.
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Figure 3.4: Band gap edges approximation using trial function W (z) = sin(zπ/p) (solid
line) as indicated above and the exact result (dashed line), for (half infinite) linear grating with
step-wise varying index. Parameters: n0 = 1, na = 1.544 ↪→ SiO2, nb = 2.616 ↪→ TiO2, and the
width of each cell: a = b = π/2.
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3.4.2 FEM calculations

Above we took a simple harmonic function as trial function. Another way,
to obtain more accurate results, is to approximate a function as a superposi-
tion of base function, and optimize with respect to the choice of the expan-
sion coefficients. If the base functions are taken to be local spline functions
this leads to the Finite Element Method. We will now briefly describe this.
For a given grid, (z0, z1, ..., zN , zN+1), with z0 = 0, zN+1 = p, take piece-
wise linear base functions: ϕm with ϕm(zm) = 1, and vanishing at other
grid points. For a given function write u(z) = ΣN

m=1umϕm(z) ≡ ~u · ~ϕ(z)
with um = u(zm). Then ‘discretize’ the functionals by restriction to such
expansions, obtaining functions of ~u:

Q̂(~u) := Q(~u · ~ϕ(z)), N̂ξ,A(~u) := Nξ,A(~u · ~ϕ(z))

The corresponding extremal problem then leads, for fixed ξ, to the Euler
Lagrange equation for ~u:

∇N̂ξ,A(~u) = µ∇Q̂(~u),

where ∇ consists of differentiation with respect to the vector ~u. In more
detail, the equation contains matrices Fξ, G and a matrix R(~u) depending
quadratically on ~u such that

[
AFξ +A2R(~u)

]
~u = µG~u.

For linear problems, R = 0, this is a standard eigenvalue problem, for
which the largest eigenvalue is sought, say µ(ξ). Then maxξ µ(ξ) leads to
an approximation for the lower edge, and minξ µ(ξ) for the upper edge of
the band gap.

When the problem is nonlinear, an iteration method is required to
deal with the nonlinearity; a simple way is to take the nonlinear term at a
previous iterate:

[
AFξ +A2R(~u(j))

]
~u(j+1) = µ(j+1)G~u(j+1), Q(u(j+1)) = 1.

When converged, the computed largest eigenvalue µ(ξ) gives the value func-
tion V (A, ξ) for a fixed value of A. Then a central difference scheme is used
to calculate the derivative of the value function, which leads just as above
to the approximations of the lower and upper edge.
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for both FEM2 and FEM4.
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Figure 3.5: Errors of using trial function, FEM2 and FEM4, for (half infinite) linear grating
with step-wise varying index. Parameters: n0 = 1, na = 1.544 ↪→ SiO2, nb = 2.616 ↪→ TiO2,
and the width of each cell: a = b = π/2.

The method described above is second order accurate, say FEM2.
When taking a uniform mesh, with an even number of points, a simple
method known as Richardson extrapolation [6] can be used to arrive at
a fourth order scheme: FEM4. We have used this method to obtain the
previous figures when no exact solution was possible.

Below we show the performance in a linear case with step-index for
which the exact band gap can be calculated with matrix transfer technique:
in Figure 3.5.a and 3.5.b we present the error for the lower edge of the band
gap, defined as

error =
|ωappr − ωexact|

ωexact

for three different methods: the trial function sin(πz/p), FEM2 and FEM4
for 16 and 32 elements.

In Figure 3.6.a and 3.6.b, the results for a nonlinear grating with a
trial function and FEM4 are shown. The finite elements calculations were
implemented using Matlab. Each set of computations, such as the graphs
in Figure 3.6 takes less than two seconds on a regular PC.
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Figure 3.6: Result of using the trial function (a) and FEM4 (b), for (half infinite) nonlinear
grating with step-wise varying index. Here we take A = 1 and the values of γ = −0.2, 0, and
0.2. Parameters: n0 = 1, na = 1.544 ↪→ SiO2, nb = 2.616 ↪→ TiO2, and the width of each cell:
a = b = π/2.

3.5 Conclusion and remarks

In this paper we have characterized the edges of the first band gap in a
variational way. Essential for that is that we can use the fact that the
corresponding fields vanish at the end points of an interval of length equal
to the period of the grating. Would the interval have been known in ad-
vance, a standard eigenvalue problem, extended to nonlinear case, would
have resulted. Since the fields have to be extendable to 2p-periodic skew-
symmetric fields, the interval had to be chosen appropriately, which could
also be formulated in a variational way. For the lower-edge a double maxi-
mization formulation resulted, while for the upper-edge a mini-max formu-
lation makes the saddle point character explicit. This can be interpreted
that the sine and cosine solutions of the Helmholtz equation that exist when
the index is constant and the gap is closed, bifurcate into the two branches
parameterized by the index difference.

Simple comparison arguments were used to show that the extremal
characterizations lead to the conclusion that the band gaps shift monoton-
ically with increasing angle of incidence.

The extremal characterization makes it possible to express the value
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of the band gap without the necessity to calculate the edge fields in all de-
tails. Taking simple trial functions for the fields at the edges, good predic-
tions of the band gap were found, both for linear and nonlinear gratings. For
more accurate quantitative results, a numerical calculation scheme based
on the FEM was designed and showed good results, fourth order of accuracy
when Richardson extrapolation was applied.

The FE-scheme is used here for the approximate solution of the (non-
linear) eigenvalue problem; a comparable scheme has been used in Ref. [7]
to calculate the transmittance properties, and to study the bi-stablity near
band gap edges, for a grating of finite length (without and with defects;
see also the references in that paper to relevant literature). This problem
can also be studied qualitatively by using variational methods as will be
shown in a forthcoming paper. An extension of the methods of this pa-
per to more space dimensions seems also possible, in particular for planar
photonic periodic structures.
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Chapter

4
Direct characterization of states

and modes in defect grating

structures

Abstract†. For one dimensional optical structures consisting of gratings
surrounding a defect region, optical field solutions inside the bandgap are
investigated that are steady states or fully transmitted modes. The ob-
servation that a mode is a suitable combination of two states, and that
each state is a resonant phenomenon, implies that an accidental degen-
eracy condition has to be satisfied in order that two states occur at the
same frequency. Finding the conditions, and thereby the required design-
parameters of the structure, makes it possible to characterize the modes
without the necessity to scan the whole bandgap for transmission proper-
ties. The mathematical formulation is based on the optical transfer map
and leads to a non-standard, not well-studied, eigenvalue problem on the
defect region with effective boundary conditions that simulate the surround-
ing gratings.

Keywords: Optical defect grating structures, bandgap states and modes,
optical transfer map, non-standard eigenvalue problem.

4.1 Introduction

In this paper we consider the transmission through one-dimensional gra-
ting structures that consist of a ‘defect’ region that is positioned between
two infinite gratings or between two finite gratings placed in an exterior
uniform medium. In particular we will address the problem of the direct

†This Chapter is adapted from: E. van Groesen, A. Sopaheluwakan and Andonowati,
Journal of Nonlinear Optical Physics and Materials, Vol. 13, pp. 155-173, 2004.
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characterization of so-called defect modes (DM) that can be observed to
appear for specific defect frequencies (DF) in the bandgap (BG) of certain
finite defect grating structures. This appearance is remarkable since in a
uniform grating without defect the bandgap is the interval of wavelengths
for which the structure acts like an almost perfect mirror. In Figure 4.1
(left) the transmittance curve of a uniform periodic grating is depicted, and
we can see that there is an interval of frequency where the transmittance is
zero (BG). When the periodicity of the grating is broken by a defect layer,
then a DM appear inside the BG with a transmittance value equal to unity,
see Figure 4.1 (right). The field profile of such a DM is illustrated in Figure
4.2.
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Figure 4.1: Left: relative optical transmittance |T |2 versus the frequency,
for perpendicular plane wave incidence on a multilayer stack of transparent
dielectric materials. The symmetric, finite periodic grating consists of 17
inner layers, alternating with low refractive index n1 = 1.25 and high re-
fractive index n2 = 2.5 , with their thicknesses satisfying n1l1 = n2l2 = 1/4
( quarter-wavelength stack). The outermost layers are of the high index
material; we assume the structure to be surrounded by air (refractive index
n0 = 1.0). Right: analogous to the one on the left, for a grating, where
the central, high refractive index layer is twice as thick as the neighbor-
ing layers with high refractive index. Observe the additional transmission
maximum at the design frequency ω = 1 · 2π.

For several applications and for fundamental understanding of the
resonance phenomenon, it is desirable to characterize the DF and DM in a
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direct way, avoiding the necessity to scan with transmittance experiments
the whole frequency range in the BG. Except when transfer matrix tech-
niques (TMT) can be used, which is restricted to linear materials with
step-wise index structures, no analytic ways to tackle this problem seem to
exist. This will be the aim and contribution of this paper: to characterize
in a direct way the DF and DM. The formulation will in principle be ap-
plicable for arbitrary material properties within the defect region, even if
it is inhomogeneous or nonlinear. Further it is possible, to design simple
numerical programs, Finite Element for instance, that use only the defect
region as calculational domain. First the problem for defect states (DS)
will be addressed. This DS is the solution of an eigenvalue problem in the
frequency ω, which problem is, for Kerr-type of nonlinear materials, of the
form

∂2
zu+ ω2

[
n2

d(z) + χ |u|2
]
u = 0, for z ∈ (−L,L) (4.1)

∂zu = κ±(ω)u at z = ±L

Note that the (possibly nonlinear) Helmholtz equation is dressed up with
so-called ‘effective’ boundary conditions at the boundary ±L of the defect
region; these bc’s replace the optical effect of the surrounding gratings.
The fact that these effective boundary conditions depend on the frequency
itself makes this a non-standard eigenvalue problem: even when the field
equation is linear (χ = 0) the eigenvalue appears in a nonlinear (and non-
polynomial) way in the functions κ(ω). Not much is known yet about such
eigenvalue problems in its generality; we will restrict therefore to special
cases in the following, leaving a more complete investigation for later.

Having found DS’s in finite gratings, defect modes will then be in-
vestigated. Different from DS’s, which are non-translating states with van-
ishing Poynting quantity, a DM is a fully transmitted solution, and hence
has nonzero Poynting quantity. Such DM will be obtained from a super-
position of DS’s at the same frequency. In fact, in the structures that we
consider, there exist one so-called amplified DS with largely amplified field
in the defect which closely resembles a DM. However, the non-translating
property of a DS, and the translating property of a DM, also in the exterior
uniform medium, make them very different, and a relation seems difficult
to establish. The explanation for this apparent discrepancy is the coex-
istence of an attenuated DS at the same frequency which, when suitably
superimposed with the amplified one, leads to the correct influx and trans-
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Figure 4.2: Defect mode profile of the defect grating structure in Figure
4.1 (right)

mittance properties while hardly changing the field profile in the defect
region. This attenuated DS may be easily overlooked as being uninterest-
ing in itself. Yet its contribution to the DM is essential: in exterior regions
it is of the same order as the amplified state and together they can con-
stitute a traveling wave; in the defect region, despite its small amplitude,
the combination with the amplified state produces the correct value of the
Poynting quantity.

Bragg gratings that have step-wise index changes caused by a periodic
succession of materials with different index have been studied extensively
[1,2]. In all cases the gratings can be viewed as one-dimensional versions
of photonic bandgap materials or photonic crystals [3,4]. When in such
a grating the periodicity is broken either in a geometric way, or by index
changes, a ‘cavity’ is created in between two nearly completely reflecting
mirrors. A Fabry-Perot cavity as described e.g. in Refs. [2,5-7] can be
viewed as a result of such a ‘defect’ in a Bragg grating. The appearance of
defect modes and the building up of a high intensity in the defect (growing
with the number of periods in the supporting Bragg reflectors), has been
investigated for linear and nonlinear structures by means of finite-element
techniques [8,9]. The wavelength (frequency) of the defect mode depends
sensitively on the refractive index in the cavity. Furthermore, according
to systematic studies in Refs. [8] and [9], the width of the resonances can
be narrowed - and the steepness of the transmission curve increased - by
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extending the length of the cavity segment or by increasing the number of
periods in the reflectors. These two properties of a DM explain the interest
in structures which support DM’s to design optical devices with various
functionality. For instance, for sensor applications, the property can be
used such that external influences on the defect region (temperature, stress,
light) will affect the defect index; measuring the resulting change in the DF
will correspond to the external effect. Another application is to exploit
the amplified intensity to enhance the small nonlinear effects of nonlinear
materials [9].

In section 4.2 we introduce a slightly novel way to characterize the
optical properties of gratings; this will make it easier in the following to
optically connect the gratings to the defect and surrounding regions by
effective boundary conditions. Then in section 4.3 we construct DS’s for
various defect grating structures. In section 4.4, for symmetric structures
consisting of two finite gratings surrounding a linear defect region, it is
shown that a superposition of two coexisting DS’s can produce a DM. In
section 4.5 we will make several remarks about possible extensions of the
methods.

4.2 Optical characterization of gratings

In this section we study the gratings that constitute important building
blocks of the considered structures. We will introduce a novel way of de-
scribing the optical properties of gratings, or of any layered structure for
that matter, which will allow to express the optical effect of the grating
directly into a form, through effective boundary conditions, that allows a
direct optical adjustment to surrounding media. We will only consider the
TE-case, but the same method can be applied for TM polarization.

4.2.1 The Optical Transfer Matrix

The optical properties of any inhomogeneous interval [0, L] are, for TE-
polarization, completely determined by the connection of the field and its
derivative at the end and at the beginning of the interval:

(
u
∂zu

)

z=L

= T (ω)

(
u
∂zu

)

z=0



56 Direct characterization of states and modes ...

where the optical transfer map (or matrix) (OTM) T depends on ω. Since
for linear materials there are precisely two independent solutions, the two
boundary values at each of the two endpoints, and the observation that
the amplitude of a solution is arbitrary, leads to the conclusion that three
(real-valued) quantities are needed for a full characterization.

Although the OTM is closely related to the usual transfer matrix
technique (TMT) for layered structures, see e.g. Refs. [10] and [11], and can
be found for such structures from such TMT calculations, the OTM does
not depend on the choice of base functions, and therefore makes it possible
to describe in a direct way the connection between adjacent regions by
continuity conditions at the endpoints, irrespective which method or base
functions are used to calculate the OTM of the separate regions. This turns
out to be very efficient and convenient in dealing with gratings in composite
structures, as we shall see.

Restricting to frequencies inside the first BG of a linear grating, we
will show that two of the basic quantities, denoted in the following by κ±(ω),
are the value of the quotient ∂zu/u at the edge (facet) of one (and any)
period for the real valued attenuated and amplified independent solutions
G±; the notation κ = ∞ is used to denote the case when u vanishes at the
period facet. The gain factor per period, denoted by g, is the third basic
variable. The optical transfer properties of a grating with N periods are
determined by the OTM which is then given by

TN (ω) =
(−1)N

κ− − κ+

(
κ−gN − κ+/gN −gN + 1/gN

κ+κ−
(
gN − 1/gN

)
−κ+gN + κ−/gN

)
(4.2)

Note that det(T ) = (−1)N , expressing area conservation in phase space.
We will give the derivation of the OTM in the following section.

For frequencies inside the first BG we will give explicit formulas for
the example of a linear grating with two layers; extension of the number of
layers, or for arbitrary layered structures, composition of the matrices can
be invoked. For smoothly varying index changes and or nonlinear materials,
results of characterization of this OTM, and of the basic quantities by
explicit variational expressions, will be published elsewhere.

4.2.2 Grating properties

Let n be the index of refraction that is periodic with period p. Then, ac-
cording to Bloch’s (Floquet) theorem for periodic structures, each solution
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of

∂2
zu+ ω2n2(z)u = 0

can be written as a combination of two independent solutions that are of
the form

u(z) = v(z)eiK(ω)z, v(z + p) = v(z)

where K(ω) describes the Bragg dispersion properties of the grating. For
frequencies within the first BG, the value of K is given by K(ω) = π/p ±
iρ(ω), and the two corresponding real valued solutions are given by

G±(ω; z) = w±(z)e±ρz, w(z + p) = −w(z), ρ > 0.

Since the quotient ∂zG/G is p-periodic, this value of this quotient is the
same at each period-facet. Hence we can define real valued numbers asso-
ciated with these solutions by

κ±(ω) :=
∂zG

±

G±
evaluated at (any) period-facet.

Denoting by g(ω) := exp(ρ(ω)p) the ‘gain-factor’ per period (Floquet
multiplier), we have G+(z + p) = −gG+(z) and G−(z + p) = −G−(z)/g.
The three quantities g, κ± can now be used to determine the OTM as
follows. Any solution within the grating can be written as a superposition:
u = AG+ + BG−. At the left facet of a period, say at z = 0, the solution
and its derivative are given by:

u(0) = AG+(0) +BG−(0)

∂zu(0) = κ+AG+(0) + κ−BG−(0),

while after N periods, z = Np, these quantities are given by

u(Np) = (−g)N AG+(0) + (−g)−N BG−(0)

∂zu(Np) = κ+ (−g)N AG+(0) + κ− (−g)−N BG−(0).

Eliminating the amplitude factors AG+(0), BG−(0) leads to the OTM given
in (4.2).
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Calculation of the optical quantities

Consider as an example the case of a grating consisting of two layers with
indices n1,2 and width `1,2, so that the period is given by p = `1 + `2; for
notational convenience we use k1,2 = ωn1,2. Introducing phase parame-
ters α, β, the solutions can be written down explicitly. For the ‘amplified’
solution we find:

G+ =

{
cos(k1z − α) for 0 ≤ z ≤ `1
cos(k1`1−α)

cos β cos(k2 (z − `1) − β) for `1 ≤ z ≤ p

which is a solution provided

k1 tan(k1`1 − α) = −k2 tanβ

k2 tan(k2`2 − β) = −k1 tanα.

Having solved for α and β, the basic quantities can then be expressed in

Figure 4.3: Plot of the gain factor g(ω), κ+(ω) and κ−(ω)

the geometric and material properties of the grating trough the values of α
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and β as follows:

g = −cos(k1`1 − α). cos(k2`2 − β)

cosα. cosβ

κ+ = k1 tanα, κ− = −k2 tanβ

Then an independent attenuated solution follows from reversibility:

G− =

{
g cos(k1(`1 − z) − α) for 0 ≤ z ≤ `1

− cos(k1`1−α)
cos β cos(k2 (p− z) − β) for `1 ≤ z ≤ p

Quarter wave stack example

We present some graphical information about the relevant quantities for the
case of a so-called quarter wave stack structure with two layers in Figure
4.3. Such a structure has the same optical path length in each layer since
by design n1`1 = n2`2 = 1/4.

For indices n1 = 1.25 and n2 = 2.5, the band gap, determined by
values ω for which g > 1, is the interval 2π · [0.7836, 1.2163]. Then, for the
special (‘design’) frequency ω0 such that ω0n1`1 = π/2, a quarter ‘wave
length’, it follows that the two basic solutions have at a period facet the
boundary values

G+(0) = 0, ∂zG
+(0) = 1 and G−(0) = 1, ∂zG

−(0) = 0

(when the low index layer is the first layer; else the signs are interchanged)
corresponding to κ+(ω0) = 0, κ−(ω0) = ∞, while the gain factor is maximal
g = 2.

For the design frequency, plots of the solutions G+ and G− are de-
picted over a distance of four periods, in which a gain of 2±4 is visible, in
Figure 4.4 below.

4.2.3 Effective Boundary conditions

The two basic solutions G± considered above are of no relevance for in-
finitely long gratings since then both are unbounded, and the only bounded
solution is the vanishing field, the characteristic property of an infinitely
long grating. When the grating is half-infinite, one solution is bounded
inside the grating. Take as example the half-infinite grating at the left, say



60 Direct characterization of states and modes ...

z 

G+(z)

0 0.2 0.4 0.6 0.8 1 1.2

 -1

 -0.8

 -0.6

 -0.4

 -0.2

0

0.2

0.4

0.6

0.8

1

z

G (z)

0 0.2 0.4 0.6 0.8 1 1.2
 -1

 -0.8

 -0.6

 -0.4

 -0.2

0

0.2

0.4

0.6

0.8

1

-

Figure 4.4: Plots of G+ and G− over four periods

(−∞,−L); then only the amplified solution G+, that decays to zero at −∞,
is nontrivial and bounded. The optical effect of this half-infinite grating is
then completely determined by the value κ+. Stated differently, any field
at the right should satisfy the boundary condition

∂zu = κ+u at z = −L;

for obvious reasons we will call this an ‘effective boundary condition’ (EBC).

Remark 4 The above formulation makes it possible to give a somewhat dif-
ferent interpretation to the value κ+ which may also be more constructive in
case when no explicit analytical solutions can be found, for instance for non-
linear gratings. In fact, the value of the coefficient κ+ can be described in a
variational way using the Helmholtz functional on the half-infinite interval.
Specifying the amplitude at the end point, arbitrary for linear gratings, the
characterization is :

κ+(ω) = inf

{∫ ∞

−L

{
(∂zu)

2 − ω2n2u2
}
dz

∣∣∣∣u(−L) = 1

}
,

i.e. the value function of the Helmholtz functional is κ+u(−L), see Ref.
[12]. For nonlinear gratings the value of the amplitude has to be taken into
account and appears nonlinearly in the result. This formulation makes it
feasible to calculate the coefficient κ+ numerically.

When the grating is finite, both basic solutions are bounded, and for
optical communication with the two exterior sides the OTM-approach can
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be applied. For instance, consider the configuration of a uniform medium at
the left with index nleft and a finite grating ofN periods between [−M,−L].
When we consider the transmission problem with a given influx from the
left, the solution for z < −M is given by

u(z) = Aeikleft(z+M) + re−ikleft(z+M)

with A the influx amplitude and r the amplitude of the reflected wave.
Then
(
u
∂zu

)

z=−L

= TN (ω)

(
u
∂zu

)

z=−M

= TN (ω)

(
1 1
ikleft −ikleft

)(
A
r

)

from which we can solve ∂zu(−L) as function of A and u(−L), leading to
the effective boundary condition at z = −L.

A somewhat different interpretation is to look at the effect of influx
from the left-most uniform exterior on the basic solutions in the finite gra-
ting. Taking the field in the uniform medium at the left that is consistent
with the basic (amplified or attenuated) state in the grating, the state will
be a standing wave C cos(k0(z+M)+ θ) with k0 tan(θ) = κ, and so will be
the state in the uniform medium to the right of the grating. The attenuated
state will correspond to a very small amplitude state at the right. However,
for the grating placed in air at both sides, an influxed wave eik0z only from
the left (no incoming wave from the right) will not be a standing wave: it
will not be totally reflected and there is a small transmittance. Related to
this is a slightly different effective bc at the grating end at z = −L. This
will depend on the number of gratings: for increasing number of periods the
presence of the uniform exterior becomes rapidly very small, see Figure 4.5
for the effective boundary value κN of the transmittance problem through
the grating with N periods compared to the value κ− for the half-infinite
grating.

4.2.4 States and modes

In the following sections we will characterize special field distributions that
may exist in defect grating structures. In section 4.3 we will investigate de-
fect states DS, and in section 4.4 defect modes DM. The difference between
the two is that a DS is a ‘standing wave’ while a DM is a traveling wave
that is completely transmitted through the structure.
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Figure 4.5: Graph of κN for N = 2, 4 and κ−

As is well known, the Poynting vector can be used to distinguish
clearly between standing waves and traveling (not necessarily completely
transmitted) solutions.

In the one-dimensional case considered here, we will use the Poynting
quantity which is related to the Poynting vector as being the powerflow
in the z-direction of the electromagnetic field. For any solution u of the
Helmholtz equation, the Poynting quantity is given by P (z) := Im

[
1
ω ū∂zu

]
,

and is independent of z :

P (z) := Im

[
1

ω
ū∂zu

]
, ∂zP (z) = 0. (4.3)

The relevance of this quantities becomes clear by investigating it for
a uniform medium, say index n0; with k0 = ωn0, any solution consists of a
superposition of a right and a left traveling wave u = Aeik0z +Be−ik0z and
we find that at any position z :

P = n0

[
|A|2 − |B|2

]
.

In general, P measures the net flow of the power transported to the right
and the left; our interest is that it clearly identifies a state as a solution
for which P = 0 (then |A| = |B| and the solution is a standing wave:
u = |A| cos(k0z+ψ) for some ψ). A traveling wave, possibly superimposed
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by a standing wave, will have P 6= 0, and so, in particular, any DM will
have P 6= 0.

When investigating the so-called transmittance problem for an optical
structure, one looks at a wave influxed from a uniform medium at the left,
say, and investigates its transmittance through the structure into a uniform
medium at the right, where no influx from the right into the structure is
supposed. A DS cannot be obtained in that manner, since it has standing
wave in the left region (meaning that an incoming wave eik0z is compensated
with a reflected wave of the same amplitude, forming together a standing
wave) and just as well a standing wave in the ‘outflux’-region at the right.
This means that there is not only an outgoing wave to the right, but just
as well a wave coming in from the right and hence a defect state cannot be
‘produced’ by light influxed from one side only.

4.3 Defect states in grating structures

In this section we consider various grating structures with defects; in each
case we will employ effective boundary conditions for the defect region to
replace the optical properties of the surrounding gratings. The interest is
to find defect states, i.e. solutions with vanishing Poynting quantity P .
In structures that contain at least one half-infinite grating, any nontrivial
solution will have vanishing Poynting quantity and so any solution is a
state.

4.3.1 Defect states between half-infinite gratings

When a defect region is introduced in an infinite grating, the defect sepa-
rates a left and a right half infinite grating. The amplified state in the left
grating can possibly be connected in the defect region to the attenuated
state in the right one for suitable frequencies. Such ‘resonant’ frequen-
cies will depend on properties of the gratings and of the defect region.
The problem can be formulated as an eigenvalue problem on the defect re-
gion, say [−L,L], when we use effective boundary-conditions at the defect
boundaries:

∂zu = κ+
left(ω)u at z = −L, ∂zu = κ−right(ω)u at z = L (4.4)

where we use obvious notation for the amplified/attenuated state in the
left/right grating. If for some defect frequency there exists a field distribu-
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tion inside the defect region that satisfies these two boundary conditions,
a defect state is obtained.

Note that for this formulation it is not necessary that left and right
gratings are the same. But it should be remarked that, even when the prob-
lem is linear, the eigenvalue problem is non-standard since the eigenvalue
(ω) appears in a nonlinear way so that even methods for ‘polynomial’ eigen-
value problems [13,14] cannot be applied directly. Existence of a solution
is therefore a nontrivial matter. When, in addition, the Helmholtz equa-
tion is nonlinear, bistable solutions can be expected to exist under certain
circumstances [9]. We will show here that for some specific cases we can
directly find the solution; more general results will be published elsewhere.

Consider the case of a linear defect region with constant index nd.
Then the general solution in the defect region is of the form

u = A cos(ωndz + θ).

Satisfying the boundary conditions leads to the condition for ω

ωnd tan(ωndL− θ) = κ+
left(ω) and ωnd tan(ωndL+ θ) = −κ−right(ω).

Eliminating θ leads to the equation for ω for arbitrary integer m :

2ωndL = arctan(κ+
left(ω)/ωnd) − arctan(κ−right(ω)/ωnd) +mπ.

Since the right-hand-side is bounded, while the left-hand side is linear in
ω, for suitable m there exists at least one solution that belongs to the band
gap; the corresponding value of θ is then found from

2θ = − arctan(κ+
left(ω)/ωnd) − arctan(κ−right(ω)/ωnd) +mπ

Hence we conclude that for a uniform defect region between arbitrary half-
infinite gratings there always exists at least one DS.

In Figure 4.6 below we show an example for a quarter wave stack
defect grating with low refractive index n1 = 1.25 and high refractive index
n2 = 2.5. The defect layer between the two half infinite gratings has index
nd = 2.5 and twice as thick as the high index layer. The intersection be-
tween the function f1(ω) = arctan(κ+

left(ω)/ωnd)−arctan(κ−right(ω)/ωnd)+
π and f2(ω) = 2ωndL gives the defect frequency ω = 1 · 2π.
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Figure 4.6: The graph of f1(ω) = arctan(κ+
left(ω)/ωnd) −

arctan(κ−right(ω)/ωnd) + π (solid curve), and f2(ω) = 2ωndL (dashed
line).

4.3.2 States for a single finite grating

Consider a finite grating, of N periods in the interval say [−M,M ] ; let
κ±(ω), g(ω) be given, and take a uniform medium at both sides, index nleft

for z < −M, nright for z > M .
Then, for each ω in BG there is an increasing and a decreasing state

which connect standing waves in the exteriors through the respective in-
creasing and decreasing grating solutions G±. Indeed, the total solution is
of the form

u =





A cos(ωnleft(z +M) + ψleft) for z < −M
aG(z) for −M < z < M
B cos(ωnright(z −M) + ψright) for z > M

Continuity of the field derivative leads to the two equations

κ(ω) = −ωnleft tan(ψleft) = −ωnright tan(ψright)

from which the values of ψ follow. For the amplitudes we then find

A cos(ψleft) = aG(−M), B cos(ψright) = aG(M)

with G(M) = (−g)±NG(−M) corresponding to an amplitude amplifica-
tion/attenuation gN . In particular, when exteriors are identical, B =
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(−g)NA for the amplified solution and B = A/(−g)N for the attenuated
solution.

4.3.3 States in a defect grating

The result above for a single finite grating can now be used to investigate
states in structures with a succession of possibly different finite gratings
placed in air by composition of the OTM’s. We will consider the case
of one defect region [−L,L] with two adjacent gratings in [−Mleft, − L]
and [L,Mright] only; for more defect regions between gratings, additional
degeneracy conditions will have to be satisfied for a state to exist.

A defect state of the whole structure will couple in the defect region
a decreasing or increasing state in the left grating to an increasing or de-
creasing state in the right grating. Suppose the left and right gratings are
characterized by their values κ± and the gain factor g per period. Then
with each possible combination of states in the separate gratings, a de-
fect state of the whole structure is found for the frequency that solves an
eigenvalue problem of the form shown in (4.1) on the defect region [−L,L].
Using obvious notation for the state S that corresponds to the different
possible choices of the behaviour in the constituent gratings, we obtain the
following four different possible states:

• S++: the state that is amplified in both gratings;

• S+−: the state that is amplified in the left grating and attenuated in
the right grating;

• S−+: the state that is attenuated in the left grating and amplified in
the right grating;

• S−−: the state that is attenuated in both gratings.

We will denote the state S+− by S+ in the following and call this the
‘amplified’ state since it has large amplitude inside the cavity compared to
the exterior; likewise we will denote S−+ by S− and call it the attenuated
state since it has small amplitude in the defect region compared to the
exterior. We will see in the next section that these two states can under
specific conditions form a defect mode. The state S+ and S− are solution
of the eigenvalue problem on the defect region with boundary values

for S+ : ∂zu = κ+
left(ω)u at z = −L, ∂zu = κ−right(ω)u at z = L, (4.5)
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Figure 4.7: Illustration of four different possible states in a defect grating.

for S− : ∂zu = κ−left(ω)u at z = −L, ∂zu = κ+
right(ω)u at z = L. (4.6)

In general a defect frequency ω+ of the amplified state will not coin-
cide with a defect frequency ω− of the attenuated state. For further use in
the next section, we observe the phase difference of the solution over the
defect-grating structure as follows. The amplified/attenuated state can be
represented in the uniform exterior regions as (for s = + or s = −)

Ss =

{
as cos(ωsnleft(z +Mleft) + αs) for z < −Mleft

bs cos(ωsnright(z −Mright) + βs) for z > Mright

corresponding to a phase change of βs−αs over the complete structure; this
phase change can also be found from the value of the Helmholtz functional.

4.4 Defect modes

We will now study the transmittance problem, and in particular solutions
that are completely transmitted: defect modes.

The general transmittance problem is often studied by numerical
methods, and by scanning the frequency range inside a band gap it is then
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observed that defect modes can exist for certain resonant frequencies. Such
a DM looks very similar to a defect state S+ as characterized above. This
is remarkable because the behaviour in the influx and outflux regions is
completely different, and a defect mode can be created by one-sided influx,
while a defect state cannot.

4.4.1 Defect mode decomposed into defect states

Consider a linear grating structure with one defect as considered above.
If a defect mode exists for some defect frequency ωd, its behaviour in the
exterior regions is given by

Md =

{
ad exp i(ωdnleft(z +Mleft) + αd) for z < −Mleft

bd exp i(ωdnright(z −Mright) + βd) for z > Mright

with real amplitudes ad (which can be taken arbitrary) and bd which satisfy
(from Poynting conservation)

nlefta
2
d = nrightb

2
d.

Now observe that, given a DM, the real and imaginary part of this
mode are also solutions. Since these solutions are real, each has vanishing
Poynting quantity. Re(Md) and Im(Md) are therefore two different defect
states of the structure that exist at the same defect frequency ωd. Moreover,
each of these states has the same phase difference βd − αd over the total
defect grating structure.

4.4.2 Defect mode as superposition of defect states

Now consider a defect grating structure for which we have identified four
different DS’s in subsection 4.3.3. We want to investigate under which
conditions a DM exists in such a structure and how it can be obtained from
a superposition of the two identified DS’s S+ and S−; for definiteness, we
normalize the amplitude of these waves at the left uniform exterior region
and take α+ = 0, α− = −π/2, so that

S+ = cos(ωnleft(z +Mleft)) for z < −Mleft,

S− = sin(ωnleft(z +Mleft)) for z < −Mleft,
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For later reference, we note that S+∂zS
− − S−∂zS

+ = γ is a non-zero
constant over the whole structure, in fact γ = ωnleft.

In view of the results in the previous subsection, at least two acciden-
tal degeneracy conditions should be satisfied in order that a defect mode
can exist. Restricting the further investigation to symmetric structures
only, for which n(z) = n(−z), we will now investigate the possibilities. For
a symmetric structure it holds that

κ+
left = −κ−right and κ−left = −κ+

right,

and hence the Bc’s are:

for S+ : ∂zu = −κ−right(ω)u at z = −L, ∂zu = κ−right(ω)u at z = L,

for S− : ∂zu = −κ+
right(ω)u at z = −L, ∂zu = κ+

right(ω)u at z = L.

Any solution in the defect region is of the form ud = A cos(ωndz + θ), and
hence

∂zud

ud

∣∣∣∣
z=−L

= −ωnd tan(−ωndL+ θ),
∂zud

ud

∣∣∣∣
z=L

= −ωnd tan(ωndL+ θ).

In view of the Bc’s for S± a first condition follows from the requirement
that

ωnd tan(−ωndL+ θ) = −ωnd tan(ωndL+ θ)

tan(ωndL− θ) = tan(ωndL+ θ)

from which we conclude that necessarily θ = 0 or θ = π/2. The two
possible solutions in the defect region are therefore the symmetric and the
skew-symmetric functions cos(ωndz) and sin(ωndz).

This leads to two cases depending on which defect solution will con-
nect which state: for a solution with skew-symmetric amplified, and sym-
metric attenuated state we find the two conditions

ωnd cot(ωndL) = κ−right

−ωnd tan(ωndL) = κ+
right

and for solution with symmetric amplified, and skew-symmetric attenuated
state the conditions are:

−ωnd tan(ωndL) = κ−right

ωnd cot(ωndL) = κ+
right
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It is clear that for arbitrary grating the two conditions cannot be satisfied
for the same ω, which means that only specific gratings can support a DM.

The case of a QWS is an example that can satisfy these conditions, at
the design frequency ω0 with ω0n1`1 = π/2, κ+

right = 0, κ−right = ∞. Hence
if the optical length of the defect region satisfies ω0ndL = mπ/2 for some
integer m, then for m = odd we get we a skew-symmetric state S+ and a
symmetric state S−, while for m = even we get we a symmetric state S+

and a skew-symmetric state S−.
Each state has a standing wave at the influx region, but the phases

of each will be different. Therefore a suitable complex combination will
produce a pure influx wave from the left. Because of the normalization for

Figure 4.8: Construction of the defect mode from complex superposition of
the ’amplified’ and ’attenuated’ states.

the states chosen above, we get for the specific complex superposition a
purely incoming wave at the left:

uM := S+ + iS− = exp i(ω0nleft(z +M)) for z < −M.

The (skew-) symmetry of the states S± guarantee that their phase
difference over the total structure is the same for both. Hence, the same



4.5 Remarks and conclusions 71

superposition produces a pure outflux wave at the right:

S+ + iS− = exp i(ω0nright(z −M)) for z > M.

It is interesting to see the importance of the attenuated state in the
construction of this mode. In the exterior regions both constituent states
have the same amplitude while in the defect region between gratings of N
layers, the attenuated state has amplitude g−N while the amplified state
has amplitude gN . Consequently, for large N , the contribution to the field
profile of the attenuated state is hardly visible and the mode profile resem-
bles the profile of the amplified state. Yet for the propagating property of
the mode the contribution of the attenuated mode is essential, as seen by
considering the Poynting quantity:

P
(
S+ + iS−

)
= P (S+) + P (S−) + Im

(
i

ω
S+∂zS

− − i

ω
S−∂zS

+

)

= 0 + 0 +
1

ω

[
S+∂zS

− − S−∂zS
+
]

= nleft

since P (S±) = 0 and 1
ω [ S+∂zS

− − S−∂zS
+] = nleft constant over the

whole structure. See Figure 4.8 above for the illustration.

4.5 Remarks and conclusions

One dimensional grating structures as investigated in this paper are simple
cases of two and three dimensional photonic structures. The mathemati-
cal methods, and the observed phenomena in this paper should therefore
be helpful for a further investigation and understanding of these more-
dimensional cases.

Concerning the mathematical methods, the use of the optical transfer
matrix has proven to be fruitful to decompose the structure and to investi-
gate the problems on successive intervals with effective boundary conditions
replacing the optical effect of the adjacent intervals. However, the result-
ing boundary-value problem, and in particular the eigenvalue problem, is
nonstandard since the eigenvalue (frequency) to be found appears in a non-
linear, non-algebraic way. Solving such problems is not easy since both a
priori existence statements, as well as effective (iterative) solution methods,
have still to be developed.
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The optical phenomena found show an essential difference between
the appearance of states and modes. In section 4.3 it is shown that states
can be found as solutions of an eigenvalue problem. For the relatively sim-
ple cases to which we restricted ourselves, this eigenvalue problem could be
solved by finding a solution of a transcendental equation for the frequency.
No specific grating properties are required for their existence. However, in
section 4 we showed that a mode, a full-transmitted traveling wave through
the structure, corresponds to the existence of two different states, which
requires the frequency to satisfy two such equations. Even for symmet-
ric structures, these equations can only be satisfied simultaneously if an
accidental degeneracy condition is satisfied, which means that the grating
properties should be chosen appropriately. A quarter wavelength stack was
shown to be an example that has the desired degeneracy properties, and
defect modes were identified.

The findings in this paper can be useful for some applications of
optical grating structures. For instance for the design of sensors, when
the critical dependence of the defect frequency for a mode is to be used
to detect changes in the optical properties in the structure. The existence
of multiple states in a defect finite grating could have applications, for
instance to construct an optical memory when light influx from both sides
can control the change of the state.
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Chapter

5
Pulse loading and radiative un-

loading of an optical defect gra-

ting structure: low dimensional

modeling and numerical simula-

tions

Abstract†. We present a low dimensional model for pulse loading and
radiative unloading of an optical defect grating structure. This model de-
scribes accurately the process when a light pulse with spectral components
confined to the band gap is incident towards a defect grating structure,
including the radiative decay of the stored energy. The qualitative and
quantitative aspects of the dynamics of each phase are given in terms of
the defect states which define the leaky modes of the structure. We will
show that both the loading and unloading phase of the process are mainly
determined by a characteristic quantity which is the energy content of the
amplified state. For a given structure, the result of the low dimensional
model is compared with direct calculations using a FETD method.

Keywords: Defect grating structure, leaky modes, defect states, loading,
radiative unloading, low dimensional model, FETD.

5.1 Introduction

The study of wave propagation through multilayer structures has been ex-
tensive in recent years with many contributions to the literature. A periodic
arrangement of dielectrics is usually called a grating. A special property of
such structures is the band gap: an interval of frequencies for which light
can not propagate through the structure. This property of the grating has
been exploited to make various devices. A grating embedded in an opti-
cal fiber (usually called a Fiber Bragg Grating (FBG)) is utilized to make

†This Chapter is submitted to Optics Communications.
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sensor applications for various physical quantities, such as heat [6,7], strain
[7,8], or concentrations of chemical substances [9]. Another application is
to use the grating as a switch. If the refractive index of the grating is non-
linear (intensity dependent refractive index), a bistability phenomenon will
occur: for sufficiently large intensity of the influxed electric field, there can
be more than one output intensity, which can be utilized as a switch [10].
Another type of switching device uses two influx waves [11]: one wave acts
as a pump and the other one as a probing wave with frequency inside the
band gap, near the edge. Increasing the intensity of the incoming pump
wave will shift the edges of the band gap [10,11], and this makes way for
the probe wave to transmit through the grating structure.

0 L-L M-M

D

ndnl nh

Figure 5.1: A symmetric quarter wave stack structure surrounded by air is
considered as an example for the calculation in this paper.

All of the application devices above are based on a uniform grating
structure. If we break the periodicity of the grating structure, say with one
layer of a different material or a different geometry, the exceptional layer
is called a defect layer, and the whole structure is called a defect grating
structure. An example of such structure is illustrated in Figure 5.1. Due
to this defect layer, there may be an additional resonant frequency inside
the band gap. For this special frequency, the defect frequency, the electric
field inside the grating is largely enhanced compared to the influxed inten-
sity [10,11]. We can use this intensity enhancement for sensor purposes as
well as for switching purposes. When the refractive index of the grating
is nonlinear, frequencies near the defect frequency can be used for bistably
controlled switching, where the threshold intensity needed to obtain bista-
bility is reduced significantly [10].

The phenomena and applications described above are based on an
influx wave with a single frequency. But in principle, switching and sensing
with a defect grating structure can also be performed using time limited
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influx (pulses), see e.g. [11,13]. In this paper, we will consider a time de-
pendent problem for a defect grating structure. We will study the behavior
of a pulse (which has many spectral components) incident onto a defect
grating structure, for which all spectral components of the pulse are inside
the band gap. See Figure 5.2 for the illustration.

We organize this paper as follows. In Section 5.2, we give a description
of the Finite Element Time Domain method (FETD) that is used to directly
solve the problem, and show the result of an example. In Section 5.3 we
describe the defect states of a defect grating structure, and use energy
arguments to derive the corresponding leaky mode of each state. Further
we explain the loading and the unloading phase, a low dimensional model
using the leaky modes in Section 5.4. In Section 5.5, we compare the result
of the direct FETD calculation and the low dimensional model.

5.2 Finite Element Time Domain calculation

In this Section, we describe shortly the derivation for the direct calcula-
tion of the problem introduced in Section 5.1. Different from the analytical
calculation that we have presented in [1], here we will use the Finite El-
ement Time Domain (FETD) method. In the following Subsections, the
approach for the Finite Element discretization of the spatial variable will
be described, of which the use of transparent influx boundary condition is
most important, followed by a Subsection for the time integration. At the
end of this Section we will show the result for the example introduced in
Section 5.1. For simplicity of exposition we will consider the TE-case; the
TM case is similar.

5.2.1 Wave equation, weak formulation

Throughout this paper, we will use the space variable z and time t that are
both dimensionless. We have scaled the 1-D Maxwell’s equation with the
following scaling: z = z̃/λ and t = t̃ · c/λ where z̃ and t̃ are the physical
space and time variable, λ and c is the wavelength and speed of light in
vacuum. Applying these, the electrical field E satisfies the two way wave
equation

L(E) ≡ ∂2
zE(z, t) − n2(z)∂2

tE(z, t) = 0. (5.1)
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For the purpose of numerical calculations, we restrict the computa-
tional domain to the interval Ω = [−M,M ] that includes the full structure.
This equation has to be equipped with boundary conditions. We assume
that there are no incoming waves from the right, the boundary condition
at the right should be transparent for any wave traveling to the right. The
boundary condition at the left should provide the desired incident pulse
Ein(z, t), while being transparent for any wave travelling to the left that
is reflected from the structure. Let Ein(z, t) = F (z − t/n0) be the pulse
which is incident to the defect grating structure, the boundary conditions
are then

∂zE + n0∂tE = 0 at z = M (5.2)

and
∂zE − n0∂tE = 2F ′(−M − t/n0) at z = −M. (5.3)

Applying the standard procedure for the Finite Element Method, we ob-
serve that solving the weak formulation

F(E, v) ≡
∫ M

−M
n2(z)∂2

tE(z, t)v(z, t) + ∂zE(z, t)∂zv(z, t) · dz

+ n0∂tE(M, t)v(M, t) + n0∂tE(−M, t)v(−M, t)

+ 2F ′(−M − t/n0)v(−M, t) = 0 (5.4)

where v(z, t) is an arbitrary test function, is equivalent to solving (5.1),
with (5.2) and (5.3).

5.2.2 Space discretization of the weak formulation, FEM

Projecting onto a finite dimensional space, we discretize the interval Ω =
[−M,M ] into grid points zj = −M + j · ∆z, where ∆z = (zj+1 − zj), j =
1..N+1, and we expand E(z, t) and v(z, t) in terms of nodal basis functions
φj,j = 1..N + 1 at the grid points, writing E(z, t) =

∑N+1
j=1 ej(t)φj(z)

and v(z, t) =
∑N+1

j=1 vj(t)φj(z). Substituting these into the weak form, and
choosing φj to be standard ’tent’ basis functions, results in a system of
ordinary differential equation

Më + Cė + Ke = f (5.5)

where e = [e1, ..., eN+1]
T . The matrices M, C and K have entries as follows

Mij =

∫

Ω
n2(z)φiφjdz, Cij =

∫

∂Ω
n0φiφjdz, Kij =

∫

Ω
∂zφi∂zφjdz
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and the vector of influx is given by f = [2F ′(−M − t/n0), 0, ..., 0]
T .

5.2.3 Time integration

For the time discretization we use the following scheme at the discrete time
level t = tn = n · ∆t

ë=(en+1 − 2en + en−1)/∆t2

ė=(en+1 − en−1)/2∆t

e=βen+1 + (1 − 2β)en + βen−1

f=βfn+1 + (1 − 2β)fn + βfn−1

where en is the discrete time representation of e, namely, en = e(n∆t). This
scheme is called the Newmark-Beta time integration method [4,5,12] which
is unconditionally stable for β ≥ 1/4. Applying this to (5.5), we obtain an
implicit scheme for the new time level n+ 1 as follows

[
M + ∆tC/2 + β∆t2K

]
en+1 =

[
2M − (1 − 2β)∆t2K

]
en (5.6)

−
[
M − ∆tC/2 + β∆t2K

]
en−1 + ∆t2

[
βfn+1 + (1 − 2β)fn + βfn−1

]

5.2.4 Example

Consider a symmetric defect grating structure which consists of periodically
alternating layers with high and low refractive indices (nh and nl respec-
tively) and thicknesses dh and dl. All the layers are assumed to consist of
linear dielectrics, lossless, and nondispersive. The defect layer has refrac-
tive index nd and thickness D. An example of such a structure is illustrated
in Figure 5.1.

The typical response of this structure for transmission experiments
is well studied [2, 10, 11]. This structure functions as a resonator, a com-
bination between mirror and cavity, similar to a Fabry-Perot etalon. For
a certain frequency band, the gratings on the left and right of the defect
layer depicted in Figure 5.1 act as mirrors, blocking almost all the incom-
ing light: the bandgap region of frequencies with vanishing transmittance.
The defect layer, on the other hand, acts as a cavity, allowing light with
a certain frequency to tunnel through the structure. The presence of the
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defect layer gives an additional resonance peak in the transmittance inside
the bandgap. This peak has a very narrow band where the transmittance
is non vanishing. The special solution with full transmittance is called the
defect mode [2, 3].

Consider a pulse incident to the defect grating structure. Illustrated
in Figure 5.2 (top), is the plot of the transmittance curve of the defect
grating structure together with the spectrum of the pulse on the same
frequency axis. The spectrum of the incident pulse (dashed) is chosen to
lie inside the bandgap. Figure 5.2 (bottom) shows the initial condition of
the problem, at t = 0.
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Figure 5.2: Top: The spectrum of the incident pulse F (dashed) together
with the transmittance curve T of the defect grating structure (solid). All
spectral components of the pulse lie inside the bandgap of the structure.
Bottom: The initial situation, at t = 0, before the pulse is incident into the
defect grating.

For the specific calculation to be presented, we took the typical de-
fect grating configuration described in the introduction. Specifically the
structure is placed in air (n0 = 1), the defect layer has refractive index
nd = 2.5 and width D = 1/(2nd), and is surrounded by N = 4 grating peri-
ods with refractive indices nl = 1.25 and nh = 2.5, with width dl = 1/(4nl)
and dh = 1/(4nh) respectively, see Figure 5.1. This configuration of the
grating, known as a Quarter Wave Stack (QWS) structure, has defect fre-
quency of ωd = 2π. The transmittance plot of the structure is shown in
Figure 5.2. The chosen incoming pulse has a spectrum of Gaussian shape
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Figure 5.3: Reflection and loading phase of the pulse. Plotted is the enve-
lope of the electric field versus distance at several instances.

centered around the defect frequency, specifically

F̂ (ω) = e−(ω−ωd)2/σ2
(5.7)

and is practically confined in the band gap, for sufficiently small σ; for
the following calculation we take σ2 = 0.3. For the Newmark-Beta time
integration scheme we take β = 1/2 for the calculation. The plots in Figure
5.2 refer to these choices.

Figure 5.3 shows the result of the FETD calculation for the envelope
of E(z, t)), for various values of t. It can be seen that most part of the
incoming pulse is reflected back, leaving only a small portion which is caught
by the defect grating structure, and an even smaller part that is transmitted
through the structure. These plots show the loading phase of the defect
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grating structure. In Figure 5.4 we show plots of the unloading phase of the
defect grating structure, after the process of loading has finished and the
reflected pulse has almost left the defect grating structure. The simulation
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Figure 5.4: Unloading phase of the pulse. Plotted is the envelope of the
electric field in the vicinity of the grating at several instances. After the
pulse has reflected back to the left of the grating, the stored light inside the
grating starts to radiate towards the exterior. (Note that in this plot the
horizontal axis, vertical axis and the time scale is different than in Figure
5.3.).

shows that the electric field exists inside the grating for quite a long time
duration after the major part of the pulse has been reflected back by the
grating.

The plots of the electric field at increasing times show that, roughly
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speaking, the loading phase is driven by the pulse (Figure 5.3). After a
time determined by the time-length of the pulse (17 in the calculations, see
Figure 5.3), the field inside the structure reaches its maximal amplitude.
After a short time during which the reflected pulse interacts with the start of
the radiative unloading, say 17 < t < 18.5, the pure unloading phase shows
the decrease of the field in the structure and radiation into the exterior at
both sides.

From the results (see also Figure 5.8) we can see that the unloading
phase develops much slower than the loading phase. The unloading phase
(when structure and reflected pulse are disjoint) is independent of the pulse
properties, but its duration and decay rate will depend on the specific
configuration of the grating structure.

5.3 Defect states and leaky modes

Although quite straightforward, the use of FETD as above does not give
much useful properties regarding the basic questions of the phenomenon.
First, given a pulse and a defect grating, how much of the pulse goes inside
the grating during the loading phase? And second, for a given grating
configuration, can one describe the decay rate of the unloading phenomenon
in terms of the grating properties? We will answer these questions by using
a low dimensional model of the phenomena in this and the next Section.

In this Section we first describe the defects states of a symmetric
structure. For the specific example described in Section 5.2.4 these states
can be calculated explicitly using Transfer Matrix techniques, but we for-
mulate the results for more general (defect) structures. Symmetry of the
structure seems to be necessary to guarantee that there exists two states
at the same defect frequency. The existence of two such states at the same
frequency is equivalent to the property that there exists a pure defect mode
i.e. a fully transmitted mode, see [2, 3].

These defect states are ‘steady’ states of the Maxwell equations, with
standing wave behaviour inside and outside the structure. Practically this
means that such a state can only exists when light is influxed from both
sides so that the incoming light is superimposed with reflected light into a
standing wave profile.

In the absence of this influxed light, these states cannot be static and
are leaking towards the exterior. We will model these two leaky mode in
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Section 5.3.2, and will show that the decay rate of the mode (the imaginary
part of the frequency) is inversely proportional to a quantity that we will
identify as the energy content of the state.

Using the leaky modes, we will model the loading and unloading of
the structure by a pulse in the next Section 4.

5.3.1 Defect states

In [2, 3] we considered a linear defect grating structure for harmonic time
dependent solution of the electric field. In there we have described two real
valued steady states solutions of the Helmholtz equation

∂2
zE0 + ω2n2(z)E0 = 0, (5.8)

for the defect frequency ω = ωd, which will result in the defect mode if
superimposed in a certain way. These (steady) states are the amplified state
S+ and the attenuated state S−. The amplified state S+ is the electric field
for frequency ωd which satisfies

ω2
d = min

E0

{∫ L

0
(∂zE0)

2dz |
∫ L

0
n2E2

0dz = 1, E0(0) = 0

}
. (5.9)

Then for this solution the complete boundary conditions are

E0(0) = 0, ∂zE0(L) = 0, (5.10)

and it can be extended to be skew-symmetric on [−L,L]. We call this the
amplified state because for the specific defect grating structure considered
here this solution is amplified from the exterior of the grating at the sides
towards the cavity in the middle, see Figure 5.5 for the field profile. Note
that for S+ it holds that

1

ω2
d

∫ L

−L
(∂zS

+)2dz =

∫ L

−L
n2S+2dz = 1. (5.11)

For cos(ωdt) time dependence for this state, the corresponding magnetic
field is H = 1

ωd
∂zS

+ sin(ωdt). The total electromagnetic energy for this
state is given by

E =
1

2

∫ L

−L
(n2E2 +H2)dz (5.12)

=
1

2

[
cos2(ωdt)

∫ L

−L
n2S+2dz + sin2(ωdt)

∫ L

−L

1

ω2
d

(∂zS
+)2dz

]
,
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and because of the relation in (5.11) we can see that the time average electric
and magnetic energy contributions are equal, this means that this state has
energy equipartition. Further, the expression for the total electromagnetic
energy in (5.12) simplifies to

E =

∫ L

−L
n2(S+)2dz.

This state is nonvanishing at the boundary, S+(L) 6= 0 hence for this state
we can define the normalized energy content

E+=

∫ L
−L n

2(S+)2dz

S+(L)2
. (5.13)
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Figure 5.5: Field profile for the amplified state S+ (left) and attenuated
state S− (right).

Besides the amplified state, there also exists an independent solution
of the Helmholtz equation for the same frequendy ωd. Being the criti-
cal point of (5.9), means that S+ satisfies the Helmholtz equation with
boundary condition in (5.10). Since S+(L) 6= 0, there exist an independent
solution S− of the Helmholtz equation for the same frequency ωd, with

S−(L) = 0, ∂zS
−(L) 6= 0.

Due to the symmetry of the structure, this solution is necessarily symmetric.
Consequently ∂zS

−(0) = 0 and we have that S− is the solution of

ω2
d = min

E0

{∫ L

0
(∂zE0)

2dz |
∫ L

0
n2E2

0dz = 1, E0(L) = 0

}
.
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We call this the attenuated state because this solution is decaying from the
exterior of the grating at the sides towards the cavity in the middle, see
Figure 5.5 for the field profile. Also for this state there is energy equipar-
tition, and as above, we can define a normalized energy content but now
normalized with respect to the derivative at the boundary

E−=

∫ L
−L n

2(S−)2dz
1

ω2
d

∂zS−(L)2
.

Remark 1

These states S+ and S− state are real valued, hence they are non traveling
solutions, and have vanishing Poynting quantity. Observe that we nor-
malise the energy content for the attenuated state with the nonvanishing
value of the derivative at the boundary. Actually, both states can also be
expressed in terms of the the magnetic field instead of the electric field as
above. Especially it is nice to combine the formulation of the (electric skew
symmetric) amplified state in terms of the electric field, and the attenuated
state by the magnetic field; this state is then magnetic skew symmetric
also, and the variational characterization, now for the magnetic field Φ−, is

ω2
d = min

H0

{∫ L

0
(
1

n
∂zH0)

2dz |
∫ L

0
H2

0dz = 1, H0(0) = 0

}
.

Note that since Φ−(L) 6= 0, the energy content is now given by

E−=

∫ L
−L(Φ−)2dz

Φ−(L)2

Remark 2

From energy equipartition it follows that we can define the energy content
of the two states in an equivalent uniform way as the quotient of integrated
local total energy density and the total energy at the boundary:

E =

1
2

∫ L
−L

1
ω2

d

E2
z + n2E2dz

1
ω2

d

Ez(L)2 + n2E(L)2
≡

1
2

∫ L
−LH

2 + n2E2dz

H(L)2 + n2E(L)2
.

This emphasizes the fact that the quotient relates properties of the internal
fields to properties at its boundary where the structure interacts with the
exterior.
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Using these states as the properties of the defect grating, below we
will model the unloading phase and later also the loading phase of phe-
nomena observed in the previous Section. In the modeling, we will use an
energy argument based on the energy conservation law.

5.3.2 Leaky modes

Above we formulated the two independent states inside the structure. Stand-
ing waves in the exterior should be added to obtain the state on the whole
real line. We will now describe the leaky modes on the whole real line, for
the amplified state with the electric field S+, for the attenuated state with
the magnetic field Φ−. In the exterior, outward travelling waves should
match with the decaying state in the interior.

Leaky mode for the amplified state

For the amplified state, if we denote the amplitude of the state in the
interior by A(t), the expression reads

Eint(z, t) = A(t)S+(z) cos(ωdt). (5.14)

This interior behaviour should be connected to a travelling outgoing wave
in the exterior. At the right exterior this is

Eout(z, t) = A(t− n0z̃)S
+(L) cos(koz̃ − ωdt),

Hout(z, t) = −n0A(t− n0z̃)S
+(L) cos(koz̃ − ωdt),

where z̃ = z − L. For the left exterior we have also a travelling wave with
amplitude A(t), but due to the symmetry of the structure we will leave that
out for simplicity.

Remark 3

This approximation of the fields solution in the interior of the defect grating
is valid provided that A(t) is slowly varying. This statement can be seen
by substituting them to the wave equation (5.1) which gives the expression

L(Eint) = n2(z)S+(z)
(
∂2

tA− 2∂tA sin(ωdt)
)
,

for the residue. As a consequence, the ansatz (5.14) will be valid provided
|∂tA| is small. According to the result of the FETD calculation we can
claim that this is true for the unloading phase.
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The decay of the amplitude describes the leaky character of the mode.
To find the decay rate, we use energy conservation which holds for all
solutions of the 1-D Maxwell’s equations

∂tW − ∂zP = 0, (5.15)

where W = 1
2

(
n2E2 +H2

)
is the electromagnetic energy density, the sum

of the electric energy density and magnetic energy density, and P = EH is
the power density, also know as the Poynting quantity. The energy over the
whole grating is obtained by integrating the electromagnetic energy density
over the interval [−L,L]. Since the the electric and magnetic energy density
are equal, we have the energy over the whole grating

Eint =

∫ L

−L
WIdz = E+(S+(L))2A(t)2 cos2(ωdt), (5.16)

and assuming that A(t) is constant over one period, then the time average
is given by

Eint =
1

2
E+S+(L)2A(t)2,

with E+ as given in (5.13). The exterior solution corresponds to an outflux

EoutHout |L−L= −2n0S
+(L)2A(t)2 cos2(ωdt),

with the time average

EoutHout |L−L= −n0S
+(L)2A(t)2.

So the dynamics of the time averaged energy are, according to the conser-
vation law (5.15)

∂t{Eint} = −n0S
+(L)2A(t)2 (5.17)

= −2n0

E+
Eint. (5.18)

This differential equation has a solution which describes the exponential
decay of the energy

Eint(t) = Eint(0)e
−2α+t, with α+ =

n0

E+
. (5.19)
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The dynamic equation for the amplitude A(t) can be derived further from
(5.17)

∂tA(t) = − n0

E+
A(t),

and this shows that the amplitude A(t) decays with a rate half of the decay
rate of the energy, or

A(t) = A(0)e−α+t.

Leaky mode for the attenuated state

In a similar manner as for the amplified state, now for the leaky mode based
on the magnetic attenuated state, we write the solution for the exterior

Hint(z, t) = B(t)Φ−(z) sin(ωdt),

that is connected to travelling outgoing waves in the exterior at the right

Eout(z, t) = − 1

n0
B(t− n0z̃)Φ

−(L) sin(koz̃ − ωdt),

Hout(z, t) = B(t− n0z̃)Φ
−(L) sin(koz̃ − ωdt).

Because of the energy equipartition, the energy in the interior is

Eint =

∫ L

−L
WIdz = E−Φ−(L)2B(t)2 sin2(ωdt),

and the solution for the exterior allows outflux equal to

EoutHout |L−L= − 2

n0
Φ−(L)2B(t)2 sin2(ωdt).

Hence the dynamics of the time averaged energy described from the con-
servation law (5.15) read

∂t{Eint} = − 2

n0
Φ−(L)2B(t)2 (5.20)

= − 2

n0E−
Eint. (5.21)
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This differential equation has a solution which describes the exponential
decay of the energy

Eint(t) = Eint(0)e
−2α−t, with α− =

1

n0E−
(5.22)

The dynamic equation for the amplitude B(t) can be derived further from
(5.20)

∂tB(t) = − 1

n0E−
B(t),

and this shows that the amplitude B(t) decays with a rate half of the decay
rate of the energy, or

B(t) = B(0)e−α−t.

5.4 Unloading and pulse loading

The leaky modes describe the unloading of the structure when there is a
pure state initially, either the attenuated or the amplified state. When
initially there is a superposition, the decay is determined by the averaged
decay, weighted with the initial amplitudes. For example, for a combination
of the amplified and the attenuated state as follows

Eint(z, t) =
[
A(t)S+(z) +B(t)S−(z)

]
cos(ωdt),

Hint(z, t) =
[
A(t)Φ+(z) +B(t)Φ−(z)

]
sin(ωdt),

with Φ± = 1
ωd
∂zS

±, the dynamics of the time averaged energy, after fol-
lowing procedures as in the previous Section, is given by

Eint(t) = A(0)2e−2α+t +B(0)2e−2α−t.

From this result it is seen that the slowest decaying mode will of course
dominate the time asymptotic decay process; practically this will be the
amplified state, and the decay can effectively be described taking into ac-
count only this single mode. See Figure 5.6 where the exact decay and a
one-mode approximation are compared.

To model the loading of a structure by a pulse with a narrow spectrum
around the defect frequency is a bit more involved. We reason as follows.
Take the Lorentzian function with the characteristic width α

L̂(ω) =
1

1 − iω−ωd

α

,



5.4 Unloading and pulse loading 91

as a model for the spectral response around the defect frequency of the
whole defect grating. This is motivated by the exponential decay behaviour
in the unloading phase, which means that in the frequency domain it is rep-
resented by a Lorentzian function. For the parameter α, we take the same
value as obtained for the unloading phase, i.e. the value from expression
5.19. For F (t) = f(t)e−iωdt as the incoming signal of the pulse at z = −L,
with f(t) the envelope, the signal at the right grating end is

E(L, t) = Re

{∫ ∞

−∞

F̂ (ω)L̂(ω)e−iωtdω

}
,

or

E(L, t) =
1

2π
Re

{∫ ∞

−∞

F (τ)L(t− τ)dτ

}
. (5.23)

Since the Fourier transform of L̂(ω) is given by L(t) = 2απe−αte−iωdtHv(t)
where Hv(t) is the Heaviside function, we can further evaluate the signal

E(L, t) = αe−αt cos(ωdt)

∫ t

−∞

f(τ)eατdτ.

Since α << 1, we can approximate the integral as

E(L, t) ≈ αe−αt cos(ωdt)

∫ t

−∞

f(τ)dτ.

This formula for the signal gives a nice interpretation as follows. For small
t the loading is dominated only by the pulse via the term α

∫ t
−∞

f(τ)dτ ,
and for large t, e−αt shows the already known decaying behaviour of the
unloading phase. For the example presented in Section 5.2.4, where we take
the incoming spectrum of the pulse

F̂ (ω) = e−(ω−ωd)2/σ2
,

we can calculate analytically the loading signal, and it is given by

E(L, t) =
{
απe−αT ·

[
1 + erf(

σ

2
T )
]}

cos(ωdT ), (5.24)

where the shift of time T = t − t0 is such that at t = 0 the whole pulse is
at the left of the grating. From the expression above we can easily get the
asymptotic behaviour of the signal for large and small t. For tÀ 1 we have
that [1 + erf(σ

2T )] → 2 hence E(L, t) ≈ 2απe−αT cos(ωdT ), showing the
already known exponential decay behaviour. For small t, E(L, t) ≈ απ[1 +
erf(σ

2T )] cos(ωdT ). See Figure 5.7 for the comparison of this approximation
with the FETD calculation.
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5.5 Comparison of the low dimensional model with

the FETD calculation

In this Section, we will compare results of the low dimensional model with
the FETD calculation. First let us consider the unloading phase, for which
we assume that initially there is light inside the defect grating, and nothing
outside. More specifically the FETD scheme is used to solve the wave
equation (5.1), with initial conditions

E(z, 0) =

{
S+(z) for − L ≤ z ≤ L

0 elsewhere
, ∂tE(z, 0) = 0.

In Figure 5.6 we show the result of the FETD calculation for the signal at
the edge of the defect layer z = −D/2, together with a plot of the result of
the low dimensional model. We can see that it is in very good agreement,

0  50 100 150 200 250 300 350 400 450 500

16
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Low−Dim
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Figure 5.6: Result of the FETD calculation with the low dimensional model
for the unloading phase, for S+(z) as the initial condition inside the grating.
We ommited the harmonic oscillation with frequency ωd from the FETD
calculation and plotted together with A(t) from the low dimensional model.

S+ decays exponentially with decay rate α. Now for the loading phase, the
function E(L, t) ≈ απ[1+erf(σ

2T )] cos(ωdT ) is the approximation of E(L, t)
for small t. To have the approximation at the defect edge z = −D/2
we have to multiply E(L, t) with a certain number which represent the
amplification at the defect layer. As described in [2], for N grating periods
the amplified state has an amplification of (−g(ωd))

N , where −g(ω) is the
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Figure 5.7: Result of the FETD calculation and of the low dimensional
model, for the loading phase. We have omitted the harmonic oscilla-
tion with frequency ωd from the FETD result and plotted together with
E(−D/2, t) from the low dimensional model.

amplification factor for one period of grating. Hence the signal at the defect
edge is E(−D/2, t) = (−g(ωd))

Nαπ[1+erf(σ
2T )] cos(ωdT ), and we plot this

function together with the signal from the FETD calculation in Figure 5.7.
We can see that the agreement is good. For the complete loading and
unloading signal at the defect edge z = −D/2, the FETD result is depicted
in Figure 5.8 together with the result of the low dimensional model.

5.6 Conclusion

We considered pulse loading and unloading of a defect grating structure
with a pulse that has its spectral components inside the band gap. We
have solved the problem directly by using the Finite Element Time Domain
(FETD) method. For representing the correct influx and outflux, the Finite
Element Time Domain scheme is equipped with proper exact boundary
conditions. The result shows that the remaining pulse inside the defect
grating structure stays inside for times much longer than the width of the
initial pulse.

Motivated by the result of the FETD calculation, we derived a low
dimensional model to understand the important features of the loading
phase and the unloading phase. Using this low dimensional model, we can
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Figure 5.8: The complete loading and unloading signal at the defect edge
z = −D/2 according to the FETD calculation and to the the low dimen-
sional model. We have omitted the harmonic oscillation with frequency ωd

from the FETD calculation.

describe very simple, yet very accurately, the amount of light which pene-
trates the defect grating from a given influx pulse, and the decay rate of the
unloading phase. The low dimensional model uses the two steady states of
the defect grating, which are the basic fields that are used to describe the
leaky modes. It is shown in Section 5.6, that the result of the low dimen-
sional model is in very good agreement with the FETD calculation.
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Chapter

6
Characterization and calculation

of leaky modes in photonic crys-

tal microcavities

Abstract†. We present a numerical study of a photonic crystal micro-
cavity. Using Finite Element Method (FEM) as a calculation tool with
Transparent Boundary Condition (TBC), plane waves and pulses are used
to excite the resonant modes. For plane wave influx we can identify reso-
nant modes by calculating the electric or magnetic energy contained in the
photonic crystal microcavity over the whole band gap interval. Afterwards,
using a pulse as influx, we can selectively excite resonant modes and calcu-
late the quality factor by monitoring its decay. Alternatively, this process
of unloading resonant modes can be viewed as (leaky) modes with complex
valued frequency. We will characterize leaky modes variationally, and give
an expression for the their quality factors in terms of the properties of the
modes itself.

6.1 Introduction

Since the introduction in 1987 [1, 2], photonic crystals have attracted much
attention. Photonic crystals are periodic dielectric structures that can in-
hibit an interval of frequency where no propagating field can exist. However,
to exploit this phenomenon in a useful way, we must introduce defects in
the structure. For example, if a series of rods are removed, the structure
may act as a waveguides with low losses [3]. If a point defect is introduced
in the structure, then localized resonant modes can exist. Such resonant
modes are at the heart of photonic crystal devices, such as microcavities
[4, 5], filters [6], etc. Important for applications is the so called quality

†This Chapter is to be submitted for publication.

97



98 Characterization and calculation of leaky modes ...

factor (Q) of resonant modes. It is a measure for the confinement and field
amplification of resonant modes. For example, for filter applications, modes
with high Q value are needed because of their high selectivity.

Due to the absence of analytical solutions, numerical methods are
required to solve the Maxwell equations. Finite Difference Time Domain
(FDTD) calculations are commonly used with absorbing boundary condi-
tion or perfectly matched layer (PML) [7, 8, 9], or Finite Element Methods
(FEM) with PML [5]. In this paper, we use FEM because the interface
condition between two different materials are automatically satisfied in the
formulation. The FEM scheme is used in combination with nonlocal Trans-
parent Boundary Conditions (TBC) [10]. Such TBC’s are formulated such
that solutions in the computational domain can be connected smoothly to
physical solutions in the exterior. Moreover, the FEM scheme plus TBC
is more efficient than PMLs since no additional artificial computational
domain is added, reducing the computational effort.

This paper is organized as follows. In Section 6.2 we start by de-
scribing briefly the finite element method and the transparent boundary
condition used in this paper. In Section 6.3 we study the response of a
photonic crystal microcavity under a plane wave influx. Then in Section
6.4 we use pulses as influx, to selectively excite resonant modes and to
calculate the quality factor by monitoring its energy decay. In Section
6.5 we present the variational characterization of leaky modes (a solution
of the Maxwell equations with complex valued frequency), and calculate
their quality factor Q. In Section 6.6 we present integral expression to that
describes the quality factor.

6.2 Computational approach

In this paper, we consider a photonic crystal microcavity that consists of
5×5 GaAs rods with refractive index nr = 3.4, as shown in Figure 6.1. The
rods have radius 0.2a where a is the lattice spacing. The cavity is formed
by a single defect rod in the center of the photonic crystal , with radius
0.6a.

We consider only TE polarization, where the electric field and mag-
netic field are E = (0, Ey, 0) and H = (Hx, 0, Hz). Throughout this pa-
per we assume that the dimensions (scales) are normalized such that the
speed of light in vacuum is equal to unity. For TE polarization we can
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Figure 6.1: Plot of the computational domain.

reduce Maxwell equations into one wave equation for the component Ey

only. Taking e−iωt as the time dependence for the fields, and writing
Ey = u(x, z)e−iωt, the wave equation simplifies to the Helmholtz equation

∆u+ ω2n2(x, z)u = 0. (6.1)

For the method of computation, we use a two dimensional FEM
scheme with linear basis elements to solve the Helmholtz equation. For
problems in integrated optics where scattering of the incoming light by the
optical device towards the boundary of the computational domain is always
present, the use of proper boundary conditions on the boundary of the com-
putational domain is essential in obtaining the correct optical response from
the structure. Boundary conditions have to represent the optical effect of
the exterior of the computational domain, and take that into account in
its formulation. Throughout this paper, we will assume that the photonic
crystal microcavity investigated is embedded in a computational domain
with uniform exterior. We use the Transparent Influx Boundary Condition
formulation outlined in [10].

To arrive at the numerical scheme, we use the standard approach as
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follows. Consider the following functional

K(u) =

∫∫

Ω

[
(∇u)2 − ω2n(x, z)2u2

]
dxdz (6.2)

−
∫

∂Ω

[
D+(u)u+D+(uin)u−D−(uin)u

]
dl,

whereD±(u) is the Dirichlet to Neumann (DtN) operator with outgoing (+)
or incoming (−) Sommerfeld boundary condition. Terms withD±(uin) take
care of the correct treatment of a given influx uin on the boundary. It can be
shown that critical points of the functional K(u) (requiring the variational
derivative to vanish) corresponds to solving the Helmholtz equation (6.1)
in Ω with the Transparent Influx Boundary Condition (TIBC)

∂nu−D+(u) = D−(uin) −D+(uin) on ∂Ω.

In the absence of an influx field on some side of the boundary, the TIBC re-
duces to the Transparent Boundary Condition (TBC) ∂nu−D+(u) = 0. For
more details on the TIBC and its implementation with the FEM scheme,
readers can consult the reference [10]. The numerical scheme is obtained
by approximating u(x, z) as an expansion of chosen basis functions. More
precisely, if we take the simplest piecewise linear elements, we want to
find the solution expressed as a linear combination of ’tent’ basis function
{φi(x, z)}N

i=1

u(x, z) ≈
N∑

i=1

ũiφi(x, z).

The basis functions φi are defined by piecewise linear interpolation between
the nodal values φi(xj , zk), with the property

φi(xj , zk) = δi,j,k, i = 1, .., N

where δi,j,k is the Kronecker delta and N is the number of nodal points.
For the interior of Ω, the entries of the finite element stiffness (S) and mass
(M) matrices are evaluated as follows

Si,j =

∫∫

Ω

∇φi∇φjds and Mi,j =

∫∫

Ω

n2(x, z)φiφjds.
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6.3 Plane wave excitation

In this section, the response of the photonic crystal microcavity to a plane
wave influx will be presented. A plane wave with unit amplitude is in-
fluxed from the Western boundary of the computational domain. For 1D
structures, for example a defect grating structure, we can easily indicate
defect modes by identifying sharp peaks in the band gap in the transmis-
sion curve. However, for problems in higher dimensions, the incoming field
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Figure 6.2: Energy versus frequency plot for normal incidence.

will scatter in arbitrary directions, hence it is difficult to define a proper
definition for transmittance. In references [8, 9, 12], observation points are
placed to monitor the response of the crystal to identify defect modes. A
more robust approach is to calculate the electric and the magnetic energy
contained in a region W covering the crystal, as illustrated in Figure 6.1.
For TE polarization, the electric and magnetic energy content is defined as∫∫

W n2|E|2dxdz =
∫∫

W n2|u|2dxdz and
∫∫

W |H|2dxdz = 1
ω2

∫∫
W |∇u|2dxdz

respectively. Considering frequencies only in the band gap range, we ex-
pect that there should be almost no energy that penetrates the crystal.
Except if there are resonant modes, in which case there will be an energy
build up around the cavity of the crystal. With this, it is possible to iden-
tify the resonant modes by looking at the electric and the magnetic energy
content over the whole band gap interval. Using our own FEM based band
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Figure 6.3: The electric field profile (real part), and the absolute value of
the electric field of mode 1

Figure 6.4: The electric field profile (real part), and the absolute value of
the electric field of mode 2



6.4 Pulse excitation 103

structure solver, we found a band gap for the uniform crystal structure in
the interval of ω = 2π[0.2856, 0.4207]. We use the FEM scheme with TBC
explained in Section 6.2, and discretize the computational domain in Figure
6.1 to a mesh structure with 781824 elements. Using these, a plane wave
with unit amplitude is influxed to the structure. As reported in [4, 8, 11],
we also found four resonant modes supported in this structure. First, for a
plane wave with unit amplitude influxed from the Western boundary, the
result is shown in Figure 6.2. We can identify three resonant modes from
the sharp peaks in the energy versus frequency graph. The frequencies are
ω2/2π = 0.3201, ω3/2π = 0.3350, and ω4/2π = 0.3929. We call these modes
mode 2, mode 3 and mode 4 as indicated in the subscript indices in their
frequency value. Additionally, a resonant mode with odd symmetry along
the x axis is found when a plane wave under 45o angle to the z axis is
influxed. We call this mode 1, and it has frequency ω1/2π = 0.2968. The
real part and the absolute value of the modes are shown in Figure 6.3-6.6.

Figure 6.5: The electric field profile (real part), and the absolute value of
the electric field of mode 3

6.4 Pulse excitation

In this Section, we use pulses to excite resonant modes. Choosing a cer-
tain spectral distribution of the incoming pulse, we can selectively excite
any mode. So consider the following representation of a pulse, influxed
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Figure 6.6: The electric field profile (real part), and the absolute value of
the electric field of mode 4

horizontally from the Western boundary

Ein
y (x, z, t) =

∞∫

−∞

f̂(ω)ei(βz−ωt)dω, where β = ωn0.

The function f̂(ω) is the spectral distribution of the pulse. Here we take
the following Gaussian function

f̂(ω) = e
(ω−ω0)2

σ2

where ω0 is the resonant frequency. The value of σ taken in the numerical
calculation is such that only one resonant mode will be excited. Here we
take σ = 0.02 for our calculation. To calculate the electric field Ey, we
exploit the existing FEM plus TBC scheme. Let uω(x, y) be a solution for
the Helmholtz equation (6.1) for incoming plane wave with amplitude one
and frequency ω from the Western boundary. Then the overall electric field
Ey is obtained by integrating all plane wave contribution with the weight

function f̂(ω)

Ey(x, z, t) =

∞∫

−∞

f̂(ω)uω(x, z)e−iωtdω.

We influx pulses to excite mode 2, 3 and 4, and we observe temporal the
behaviour of the electric energy. We further calculated the electric energy
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in domain W as a function of time, which shown that initially the crystal
is loaded, after that the crystal unloads its energy into the exterior of the
crystal. Figure 6.7 shows the calculation result.
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Figure 6.7: The electric energy content in the domain W as a function of
time.

The decay of the resonant modes can be described by a quantity
called the quality (Q) factor. The longer the mode ’stays’ in the crystal,
the higher its Q, and vice versa. Usually in the literature the quality factor
of a certain resonant mode is determined in two ways. One way is to define
the Q value using the frequency spectrum by

Q = ω0/∆ω, (6.3)

where ω0 is the defect frequency and ∆ω is the full width at half maximum
of the peak frequency. Note that although we can use this definition with
the quantities from Figure 6.2, we will not use this approach since it is not
very accurate. A second way, is by observing the decay of the field or energy
at some observation points [4, 7, 8]. In the following Section, we will use
another approach to quantify the quality factor. We describe the decaying
fields in the crystal as leaky modes, which are the solution of Helmholtz
equation (6.1) with complex valued frequency, and the imaginary part of
the frequency is then used as a measure of the quality.



106 Characterization and calculation of leaky modes ...

6.5 Variational formulation for leaky modes

In the previous Section we have seen that the excited field in the crystal
decays in time. Another way to view the phenomenon is by considering the
decaying fields as leaky modes. Leaky modes are solutions of the Helmholtz
equation (6.1) with boundary condition that describe only outgoing fields;
as a consequence, the frequency will be complex valued. Expressing the
frequency as ω = ωr + iωi, the imaginary part of ω will describe the decay
in time. Below we will characterize leaky modes on a reduced domain
shown in Figure 6.8. Depending on specific symmetry of the mode to

Figure 6.8: The reduced domain for the eigenvalue problem

be calculated, we will take homogeneous Neumann or Dirichlet boundary
condition on the boundaries Γ1 and Γ2. On the boundary Γ0 we will use
an outgoing boundary condition to allow free flow to the exterior. The
boundary condition on Γ0 reads

∂nu−D+(u) = 0. (6.4)

Since the operator D+ depends on ω itself, we arrive at an eigenvalue
problem. We will describe some technical aspects in more detail. Neglecting
the treatment of the (standard) Neumann or Dirichlet boundary condition
on Γ1,2, we consider the functional

L(u) −
∫

Γ0

D+(u)udx (6.5)

with

L(u) =

∫∫

Ω

[
(∇u)2 − ω2n(x, z)2u2

]
dxdz.
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Critical points produce the Helmholtz equation and the outflux condition
(6.4). To describe the boundary term

∫
Γ0
D+(u)udx, we will use plane wave

analysis in the exterior of the domain Ω. For a given Dirichlet value at Γ0,
say u|Γ0 = g(x) =

∫∞

−∞
ĝ(k)eikxdk, we can express the outgoing solution in

the form of

u(x, z) =

∫ ∞

−∞

ĝ(k)ei(kx+β(z−a))dk where β2 + k2 = ω2n2
0

Then

D+(u) = ∂nu = ∂zu(x, a) = i

∫ ∞

−∞

√
ω2n2

0 − k2ĝ(k)eikxdk, (6.6)

and the boundary integral becomes (after applying Parceval’s rule)
∫

Γ0

D+(u)udx = 2πi

∫ ∞

−∞

√
ω2n2

0 − k2ĝ2(k)dk

We see that the boundary terms depend also on the eigenvalue being sought
ω, in a nonlinear and a non-polynomial way. In all, we have a nonlinear
eigenvalue problem for the eigenvalue ω. This can not be solved analytically,
so we are going to solve this with FEM.

To our knowledge there is no method that is available to solve this
type of nonlinear, non-polynomial eigenvalue problem directly. So to solve
it we use a simple fixed point iteration scheme that will now be explained.
To start with, we apply the standard FEM procedure and choose linear
’tent’ functions as basis. The boundary integral will give a matrix which
depends on ω, and we denote this by B(ω). Then we arrive at a matrix
eigenvalue system

(S − ω2M + B(ω))
⇀
u = 0 (6.7)

where S and M are the stiffness and mass matrix. The eigenvalue problem
(6.7) is solved by means of an iterative scheme. At the n-th iteration, the
matrix B(ω) is set to be a constant matrix by substituting the value of ω
obtained from the previous iteration. Then

(S̃ − ω2
nM)

⇀
u = 0 where S̃ = S + B(ωn−1) (6.8)

This iteration scheme is carried out until a certain stopping criterion is
satisfied ∣∣∣∣

ωn+1 − ωn

ωn

∣∣∣∣ < ε.
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As a initial value for the iteration, we use the resonant frequencies obtained
from Section 6.3.

Characterization of mode 1 and 3
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Figure 6.9: The electric field profile (real part), and the absolute value of
the electric field of leaky mode 1

For these modes, both Γ1 and Γ2 are axis of symmetry, and hence
∂nu = 0 at Γ1,2. Without restrictions on the computing functions, these
boundary conditions arise ’naturally’ from the functional (6.5). The nu-
merical experiment is carried out with 199616 elements and ε = 1e − 5,
and convergence of the iteration scheme is achieved after no more than 15
iterations. We obtained the leaky mode frequency for mode 1 ω1/2π =
0.2968 − 2.2244e − 4i and for mode 3 ω3/2π = 0.3350 − 3.6920e − 4i. We
show the profile of the field and its absolute in Figure 6.9 and 6.10.

Characterization of mode 2

For the characterization of mode 2, the boundaries Γ1,2 are zero level sets.
Restricting to functions vanishing at Γ1,2 in (6.5) produces the correct for-
mulation. Using the same procedure as above, we obtain the leaky mode
frequency ω2/2π = 0.3201−5.7204e−4; the mode profile is shown in Figure
6.11.
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Figure 6.10: The electric field profile (real part), and the absolute value of
the electric field of leaky mode 3
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Figure 6.11: The electric field profile (real part), and the absolute value of
the electric field of leaky mode 2.
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Characterization of mode 4

For the characterization of mode 4, the boundary Γ1 is a Dirichlet boundary,
and Γ2 is a Neumann boundary. Restricting to functions that vanishes at Γ1

will produce the correct formulation from (6.5). Using the same procedure
as above, we obtain the leaky mode frequency ω2/2π = 0.3929−4.1147e−5;
the mode profile is shown in Figure 6.12. For this mode we observe the
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Figure 6.12: The electric field profile (real part), and the absolute value of
the electric field of leaky mode 4

following fact. By interchanging the boundary condition, u = 0 on Γ2 and
the Neumann boundary condition on Γ1, we actually have the same problem
formulation, and the resulting eigenvalue should be the same, except now
the field profile is the reflection with respect to the horizontal axis through
the center of the crystal. This means that mode 4 is (doubly) degenerate.

Using these results, we can compare the leaky modes with the de-
caying resonant modes that were excited by the pulses from the previous
Section. Note that the electric energy content of the modes in Ω

∫∫

Ω

n2|E|2dxdz =

∫∫

Ω

n2|u|2dxdze2ωit

decays exponentially with factor 2ωi. With the values of ωi obtained from
the characterization, we plotted g(t) = E0e

2ωi(t−t0) together with the elec-
tric energy plot in Figure 6.7 and it is shown in Figure 6.13. The constant
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E0 and t0 were chosen such that at t = t0, g(t0) coincides with the value of
the electric energy.
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Figure 6.13: Comparison of the decay of the resonant modes from Sec-
tion 6.4 (the solid, dash and dash-dot curves) and from the leaky mode
characterization (the round, cross and diamond marker symbols).

6.6 Calculating the quality factor of leaky modes

Let u(x, z) be a leaky mode characterized in the previous Section with
frequency ω = ωr + iωi. Then as explained in the previous section, we
observed that the electric energy content in Ω decays exponentially with
factor 2ωi. In references [8, 7, 12] it is stated the quality factor Q of a mode

determines the decay of the energy in the form of e
−

ω0
Q

t
, with ω0 is the (real)

resonance frequency. Using this definition for Q, it is straightforward to find
Q as

Q = − ωr

2ωi
. (6.9)

which can then be used as a convenient definition. Using this definition,
we find the Q values of the modes to be 667, 279, 453 and 4774 for modes
1-4 respectively.
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We can verify the accuracy of the results by observing the following
fact for solutions of the Helmholtz equation (6.1). We multiply the equation
with ū and integrate over the domain Ω. Then after partial integrating the
Laplacian term, and separating real and imaginary part, we will arrive at
the following identity

Re(ω2) =

∫∫
Ω

|∇u|2 −
∫

∂Ω

Re(u∂nu)

∫∫
Ω

n2(x, z)|u|2 (6.10)

Im(ω2) =

−
∫

∂Ω

Im(u∂nu)

∫∫
Ω

n2(x, z)|u|2 . (6.11)

Observe that these quotient expresses the real and imaginary part of the
frequency in terms of the mode. This expression is useful to verify whether
the calculation for the real and imaginary part of the frequency is accurate.
If the calculation is accurate enough, then the above expression should hold.
In our calculation we used this fact and the result satisfies these identities.

We can further combine (6.9) and (6.11) to arrive at the following
expression

Q =

ω2
r

∫∫
Ω

n2(x, z)|u|2
∫

∂Ω

Im(u∂nu)
. (6.12)

From this quotient we see that the quality factor is related to the mode,
and it completely determines its value.

6.7 Conclusion

To conclude, we have presented a numerical study of photonic crystal mi-
crocavities. Using FEM with TBC as a calculation tool, resonant modes
can effectively be excited by means of plane wave influxes. Using a pulse
influx, modes can be excited selectively, and the decay of energy was mon-
itored. This decaying process was alternatively seen as a leaky mode with
complex valued frequency. Variational characterization for the leaky modes
were given, where the imaginary part of the frequency leads immediately
to the quality factor of the modes.
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A final remark concerns the quality factor, observe that by defining
Q as related to the energy, so by (6.9), this factor is completely determined
by the expressions (6.12). That is to say, depend only on the leaky mode.
In contrast, the definition (6.3) uses the full width at half maximum of
the peak frequency, and hence depends on the crystal properties in a full
neighborhood of the peak frequency. If the resonance would be described
by a Lorentzian shape, these two definitions agree. Stated differently, for
Lorentzian resonances, the quality factor can be estimated with (6.3) from
a transmission plot.
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Chapter

7

Conclusions and recommenda-

tions

We have presented a study on the characterization of localized states in one
and two dimensional optical resonator structures. Below we conclude this
thesis by extracting important findings and mention some possibilities for
directly related future research.

An extremal characterization of the first band gap edges of one dimen-
sional photonic crystals (gratings) has been presented. Using the formula-
tion it is possible to handle gratings with step index variation, smooth index
variation and also nonlinear gratings. In our approach we aim to obtain the
band gap edges and fields simultaneously, so the extremal characterization
(minimum or maximum) is in the form of an eigenvalue problem. We show
that the extremum property is useful, that we can approximate, or give
bounds to the band gap edges, by using a simple ’suitable’ trial function
with low degrees of freedom. The word ’suitable’ here means that the trial
function has only approximately to satisfy the Helmholtz equation and the
boundary conditions. By using trial functions with higher degrees of free-
dom, a superposition of local basis ’tent’ function (Finite Element Method),
the accuracy of the band gap edges calculation increased. We have also ex-
tend the characterization to accommodate structures with nonlinear index.
An extension of the extremal characterization of the band gap edges for
photonic crystal structures with higher space dimensions would be inter-
esting to investigate in the future.

When the grating is finite and the periodicity of the structure is bro-
ken by a defect layer, then localized states with frequency in the band
gap may exist. Direct characterization of states and modes for symmet-
ric defect grating structures has been presented. Defect states are defined
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as non-propagating solutions of the Helmholtz equation. These states have
been characterized by exploiting the use of an effective boundary condition,
such that the problem of finding the frequency of the defect states reduces
to solving the Helmholtz equation in defect layer with these boundary con-
dition. The resulting problem is a nonlinear eigenvalue problem, since the
frequency dependence appear in the boundary condition in a nonlinear
and non-algebraic way. For the simple one dimensional system that has
been considered, the defect frequency was found by solving a transcenden-
tal equation for the frequency. Defect modes, are defined as propagating,
fully transmitted solutions of the Helmholtz equation for the defect grating
structure. We have shown that a defect mode is infact a simple complex
superposition of the defect modes. An investigation of the existence of de-
fect states in non-symmetric structures, and for nonlinear structures, is a
completely open, challenging topic for future research.

Further we considered a time dependent phenomenon for the symmet-
ric defect grating structure, the more realistic scenario with time limited
influx. We considered a pulse with spectral components inside the bandgap.
We developed a Finite Element Time Domain (FETD) scheme to simulate
the problem, where we used Finite Element Method to handle the space
discretization and Newmark scheme for the time discretization. Essential
for the numerical scheme is the use of exact time domain Transparent Influx
Boundary Condition (TIBC). We showed that the defect grating is loaded
in a relatively short time (proportional to the duration of the influx pulse),
and the ’trapped’ field stays inside the defect grating much longer. The
loaded field then decays in time and unloads its energy toward the exterior
of the structure. We have developed a low dimensional model for the load-
ing and the unloading phenomenon, where we assumed that it is sufficient
to consider only a single frequency component to describe the phenomenon.
Using this model we are able to quantify the build up of the field during the
loading phase and the decay of the field during the unloading phase in terms
of the energy content of the field. This provides a direct relation with the
quality factor (Q) of the decaying field. A further extension of the study
would be by considering non-symmetric defect grating structures, or non-
linear defect grating structure, investigating switching behaviour between
nonlinear defect states in time domain.

With the same ideas as for time domain defect grating structures, we
studied a finite two dimensional photonic crystal with defect. The same as
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for the one dimensional defect grating, for the two dimensional structure
defect modes can also exist. We used a two dimensional Finite Element
Method as calculation tool, equipped with Transparent Influx Boundary
Condition (TIBC). We have characterized the leaky (defect) modes of the
structure, and the use of the TIBC leads to a nonlinear eigenvalue prob-
lem. Prescribing symmetries in the structure, we reduce the computational
domain and we obtain several modes. The nonlinear eigenvalue problem
was solved by using a fixed point iteration scheme. Using the properties of
the mode, we were able to describe the decay of the leaky modes as well as
the quality factor (Q). A direct method to solve the nonlinear eigenvalue
problem would be a very interesting topic for further research.





Summary

This thesis deals with the characterization of localized states of resonant
optical structures. We restrict ourself to one and two dimensional photonic
crystal structures.

A photonic crystal structure is an optical structure with a periodic
arrangement of refractive indices. It is widely known that such structures
may have a certain frequency range where the propagation of light is forbid-
den. The first topic in this thesis is about the simplest case of a photonic
crystal structure, namely it is the infinite one dimensional grating. We have
developed a variational characterization that gives directly the band gap
edges of the first band gap. The numerical implementation of the charac-
terization is done using the Finite Element Method (FEM). To illustrate
the method, we study a grating that is build from two different materials.
For this specific type of grating, explicit solutions are available for linear
materials, and hence it is possible to compare results. The characterization
of the band gap edges can also be used for grating structures with smooth
index variation, or even for nonlinear index variations.

When we consider a finite grating structure of which the periodicity
is broken by a defect layer, localized defect states may exist. The feature of
these localized states is that their frequency lies inside the band gap, and
that the field is largely enhanced or attenuated; a complex superposition of
the two states provides the full transmission mode. For application purposes
it is important to be able to identify the defect frequency. We have derived
a direct characterization of the defect frequency and these localized states,
without having to ’scan’ the whole band gap range. The characterization
exploits the use of a so-called effective boundary condition; the problem of
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finding the defect frequency then becomes the problem to solve a nonlinear
eigenvalue problem for the defect layer only.

Different from the usual time harmonic investigation of transmit-
tance, we also studied time limited influx, in particular when a pulse with
spectral components inside the bandgap is influxed to the defect grating
structure. We developed a Finite Element Time Domain (FETD) scheme
to solve this, where the use of exact time domain Transparent Influx Bound-
ary Condition (TIBC) is essential. Two different phases can be identified in
the process, namely a loading and an unloading phase. We have developed
a low dimensional model for the loading and the unloading phenomenon,
where we assumed that it is sufficient to consider only a single mode to de-
scribe the phenomenon. Using this model we are able to quantify the build
up of the field during the loading phase and the decay of the field during
the unloading phase in terms of the energy content of the field inside the
structure. This provides a direct relation between the quality factor and
the decaying field.

The above mentioned study on the time dependent phenomenon for
the defect grating structure is extended to two dimensional photonic crys-
tal structures. For the two dimensional photonic crystal structure resonant
modes may also exist. We use a two dimensional Finite Element Method
as calculation tool, equipped with Transparent Influx Boundary Condition
(TIBC). We study pulses as influx, with the spectral components centered
around each defect frequency. The excited modes decay in time and leak
their energy towards the exterior. We modeled this decay with a leaky
mode, a decaying solution of the Helmholtz equation with only one (com-
plex valued) frequency component. We characterized the leaky modes of
the structure; the use of the TIBC leads to a nonlinear (non-polynomial)
eigenvalue problem. The nonlinear eigenvalue problem was solved by means
of a fixed point iteration scheme. Using the properties of the mode, we are
able to describe the decay of the leaky modes as well as the quality factor.



Samenvatting

Dit proefschrift houdt zich bezig met de karakterisering van gelokaliseerde
toestanden van resonante optische structuren. Daarbij beperken we ons tot
één- en tweedimensionale fotonische kristalstructuren.

Een fotonische kristalstructuur is een optische structuur met een
regelmatige plaatsing van materialen met verschillende brekingsindex. Het
is algemeen bekend dat dergelijke structuren een frequentieinterval (band
gap) hebben waarvoor geen lichtvoortplanting kan plaatsvinden. Het eerste
onderwerp in dit proefschrift behandelt een eenvoudig fotonische kristal,
namelijk de oneindig lange eendimensionale grating. Wij presenteren een
variationele karakterisering voor de randen van de eerste band-gap. De
numerieke implementatie van de karakterisering is uitgevoerd met behulp
van de Eindige Elementen Methode (EEM). Als illustratie bestuderen we
een grating die bestaat uit twee lagen van verschillend materiaal. Voor
dit type van gratings met lineaire materiaaleigenschappen is een explici-
ete oplossing beschikbaar waardoor het mogelijk is om de oplossingen te
vergelijken. De karakterisering van de randen van de bandgap kan ook ge-
bruikt worden voor structuren met een continu veranderende index, en zelfs
voor niet-lineaire materialen.

Wanneer wij een eindige gratingstructuur beschouwen waarvan de pe-
riodiciteit gebroken wordt door een zogenaamde defectlaag, kan een geloka-
liseerde defecttoestand ontstaan. De eigenschap van deze defecttoestanden
is dat de frequentie ervan in de band-gap ligt, en dat het veld ervan sterk
vergroot of sterk verkleind is. Het blijkt dat een complexe superpositie
van die twee toestanden precies een volledig doorgelaten toestand (mode)
oplevert. Voor verschillende toepassingen is het belangrijk om de defectfre-
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quentie uit te kunnen rekenen. Wij hebben een directe karakterisering van
de defectfrequentie en van de gelocaliseerde toestanden gevonden waardoor
het niet meer nodig is om de hele band-gap te ’scannen’. De karakterisering
maakt gebruik van zogenaamde effectieve randvoorwaarden; het problem
om de defectfrequentie te vinden wordt dan vervangen door het probleem
om de oplossing van een niet-lineair eigenwaardeprobleem te vinden dat
gedefinieerd is voor alleen maar de defectlaag.

Naast het gebruikelijke onderzoek van tijdharmonische signalen, is
ook het geval van in de tijd beperkte influxsignalen bestudeerd, in het bi-
jzonder influxsignalen waarvan de spectrale componenten binnen de band-
gap liggen. We hebben een Tijd Domein Eindige Elementen (TDEE)
schema ontwikkeld; het gebruik van exacte tijd domein Transparante In-
flux Rand-Voorwaarden (TTRV) is daarvan een belangrijk onderdeel. Twee
verschillende fasen kunnen onderscheiden worden in het tijdsgedrag, met
name de ladings- en de ontladings fase. We hebben een laagdimensionaal
model ontwikkeld voor dit ladings- en ontladings gedrag; daartoe hebben
we aangenomen dat het voldoende is ons te beperken tot een beschrijving
met n mode. Met dit model kunnen we de opbouw van het veld tijdens
de ladings fase, en het verval van het veld tijdens de ontladings fase kwan-
tificeren met de energieinhoud van het veld in de structuur. Dit geeft een
direkt verband tussen de kwaliteitsfactor en de afname van het veld.

De bovengenoemd studie van het tijdafhankelijk gedrag van een de-
fectgrating is uitgebreid tot tweedimensionale fotonische kristal structuren.
Ook voor tweedimensionale fotonische kristalstructuren kunnen resonante
toestanden bestaan. Om de berekeningen uit te voeren gebruiken we een
tweedimensionale Eindige Elementen Methode met Transparante Influx
Rand- Voorwaarden (TTRV). Als influx bestuderen we pulssignalen waar-
van de spectraalcomponenten in de omgeving van de defect frequencies
liggen. De daardoor in de struktuur opgewekte toestand vervalt in de tijd
door het wegstromen van energie uit de struktuur. Wij modeleren dit ver-
val met een zogenaamde leaky mode, een in de tijd uitdovende oplossing
van het Helmhotz vergelijking met n (complexwaardige) frequentie. Wij
hebben deze leaky modes theoretisch gekarakterizeerd; het gebruik van de
TTRV leidt dan tot een niet-lineair (niet-polynomiaal) eigenwaardeprob-
leem. Dit niet-lineaire eigenwaardeprobleem is opgelost met een vaste punt
iteratieschema. De eigenschappen van deze leaky modes geven zowel het
verval in de tijd alsook de kwaliteitsfactor.
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